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1.  Introduction. 

It  is  demonstrated  in  the  literature  which  deals  with  the  physical 
applications  of  the  calculus  of  variations  [321  that  the  static  equilibrium 
position  of  a mechanical  configuration  is  one  in  which  the  potential  energy 
has  a stationary  value.  There  are  many  problems  in  mechanics  and  electro- 
statics that  can  be  formulated  either  as  problems  involving  static  forces 
or  as  variational  problems.  It  should  not  be  startling  to  discover  that 
equivalences  similar  to  these  also  occur  in  hydrodynamics.  The  variational 
principles  of  hydrodynamics  were  first  noticed  by  Lord  Kelvin  [19 1. 

This  papar  will  be  devoted  to  existence  proofs  and  solutions  of  some 
variational  problems  which  have  hydrodynamics 1 analogues.  We  use  a 
technique  which  has  been  devised  by  M.  Schiffer.  As  the  principal  problem, 
we  shall  treat  the  problem  of  finding  an  extremum  logarithmic  capacity  (other 
terminology  referring  to  this  functional  or  related  functionals  is  Robin's 
constant,  or  outer  mapping  radius)  when  the  length  of  all  competing  curves 
is  held  fixed;  in  this  problem  we  also  add  the  constraint  that  each  competing 
curve  contain,  in  the  domain  complementary  to  its  exterior,  a particular 
fixed  segment.  We  shall  also  disouss  the  hydrodynauical  interpretation  of 
this  problem.  The  logarithmio  capacity  is  a functional  analogous  to  the 
virtual  mass  of  a two-dimensional  vortex.  We  sljall  treat,  this  problem 
thoroughly  with  regard  to  existence  of  the  section  and  the  justification  of 
the  formal  processes  which  are  involved.  We  shall  obtain,  finally,  a differen- 
tial equation  which  defines  the  solution  of  the  problem.  The  plan 
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of  the  dissertation  will  be  as  follows* 

In  Section  2 we  shall  introduce  a technique  devised  by  Hadamard  [143> 
Cl5l»  Though  this  variation  of  Hadamard  is  not  as  mathematically  rigourous 
as  that  conceived  by  Schiffer,  it  will  be  of  interest  from  an  historical 
point  of  view  and  will  develop  for  tha  reader  a physical  intuition  for  the 
hydrodynamical  interpretation  of  the  variational  problems.  We  shall  use 
this  method  to  demonstrate  formally  the  variational  equivalents  of  some 
specific  free  boundary  problems. 

In  Section  3 we  define  the  variation  of  Schiffer  and  prove  some  theorems 
which  justify  its  use  in  conjunction  with  Lagrange  multipliers.  In  Section  4 
we  prove  some  theorems  which  are  useful  in  establishing  the  existence  of  a 
solution  of  the  principal  problem,  justifying  rigorously  each  formal  step. 

The  final  section  will  be  devoted  primarily  to  solving  some  Important 
hydrodynamic al  free  boundary  problems  by  considering  their  variational 
equivalents.  Before  discussing  variational  problems  let  us  first  discuss 
free  boundary  problems. 

An  example  of  a classical  free  boundary  problem  is  the  followings 
Consider  the  motion  of  a fluid  issuing  through  an  aperature  in  one  of  the 
walls  of  an  infinite  reservoir  (Figure  l).  The  fluid  will  emerge  as  a jet 
which  is  in  contact  only  with  empty  space.  The  boundary  of  this  jet  must 
be  determined  along  with  the  rest  of  the  streamlines  of  the  flow.  This 
problem,  when  simplified  to  the  -two-dimensional  case,  is  treated  in  standard 
textbooks  on  classical  hydrodynamics  (see,  e.g.,  [191  and  [213).  By 
comparing  various  oonfomal  mappings,  one  is  able  to  arrive  at  a differential 
equation  involving  the  complex  velocity  potential  of  the  flow.  We  shall 
incorporate  aome  of  these  techniques  in  the  solutions  of  the  problems  in  this 
disseration.  In  general  a fluid  flew  problem,  where  part  of  the  ooundary  is 


r 
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deformable  and  its  shape  is  not  known  beforehand,  is  called  a free  boundary 
problem  and  the  undetermined  surface  is  called  the  free  boundary. 


The  problems  which  we  shall  encounter  will  be  of  a two-dimensional 
nature,  since  we  shall  be  applying  the  methods  of  complex  variables.  A two- 
dimensional  flow  is  one  where  the  streamlines  and  the  boundary  of  the  region 
of  flow  are  the  same  in  every  oross-seetional  plane  perpendicular  to  the 
same  direction  (which,  of  course,  can  be  chosen  as  one  of  the  coordinate  axes); 
consequently,  only  two  of  the  coordinates  are  involved  and  the  flow  may  be 
represented  by  considering  a particular  cross-section  in  one  plane.  If 
the  flow  is  ir rotational,  the  velooity  vector  is  derivable  from  a scalar 
quantity  known  as  the  velooity  potential;  if.  In  addition,  the  fluid  is 
incompressible . it  can  be  shown  that  the  velocity  potential  satisfies 
Laplace's  equation  and  thrt  there  exists  a stream  funotion  which  is  conjugate 
to  the  velocity  potential.  By  forming  the  analytic  funotion  having  the  velocity 
potential  as  its  real  point  and  the  stream  function  as  its  imaginary  part, 
we  have  what  is  called  the  complex  velocity  potential;  the  use  of  this  function 
enables  us  to  solve  many  two-dimensional  problems  with  the  aid  of  the  theory 
of  functions  of  a /complex  variable.  We  shall  adopt  the  symbol  w(z)  to  denote 
the  complex  velo/ity  potential.  The  complex  vector  representing  the  conjugate 
of  the  velocity  can  be  shown  to  be  w/(z).  All  flows  which  we  shall  consider 
will  be  assumed  to  bo  two-dimans ional,  incompressible,  and  irrotational,  thus 
enabling  us  to  introduce  the  complex  velocity  potential. 

A classical  formula  is  the  two-dimensional,  irrotational.  Incompressible 
external  force-free  equation  of  Bernoulli  which  states 

i|a*l2.ni}.0 

2 I dzi  p>  * 

where  F(z)  is  the  real  function  which  represents  the  pressure  at  a point  z, 

C is  a constant,  and  p is  the  density  of  the  fluid.  If  represents  the 
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pressure  at  Infinity,  if  the  density  of  this  incompressible  fluid  is  unity, 
and  if  w represents  the  complex  potential  of  a uniform  flow  of  unit  velocity 
about  a body,  then  Bernoulli's  equation  becomes 

{1-x)  -vl 

As  an  example  of  a free  boundary  problem  let  us  determine  the  shape  of 
a bubble  filled  with  gas  which  is  placed  in  a uniform  stream  of  unit  velocity; 
the  gas,  together  with  the  effects  of  the  depth  of  submersion,  creates  within 
the  bubble  a pressure  there  is  a force  T,  caused  by  the  surface  tension, 
which  acts  on  a unit  length  of  this  two-dimensional,  cylindrical  bubble. 

Let  us  consider  the  forces  acting  on  a surface  element  of  this  bubble  which 
is  of  unit  length  along  the  axis  perpendicular  to  the  coordinate  plane  and 
has  as  its  other  dimension  an  element  of  arc  AS.  Let  z.^  and  be  the  end- 
points of  this  arc  and  let  9^  and  9,,  represent  the  respective  arguments  of 
the  tangent  vectors  at  these  points.  Let  us  use  the  principles  of  elementary 
mechanics  and  construct  a free  body  force  diagram  for  this  element  of  arc 
and  consider  especially  the  foroes  acting  along  the  normal  at  z^. 

The  pressure  P,  contributes  a force  P,  AS,  while  the  hydrodynamical 
b o 

pressure  force  is  pCz^As.  The  force  due  to  the  surface  tension  directed 
along  the  normal  is  Tsin^-©^).  In  order  that  these  forces  be  in.  equilibrium 
the  following  equation  should  hold; 

(1.2)  PbAs-P(Sl)AS-T  sin  ’ 0 

Let  us  now  pass  to  the  limit  z? — we  have  then,  for  any  point  z on  the 
surface  of  the  bubble, 

Pb-?(z)  - T |§  . TK(z)  , 

where  K represents  the  curvature  at  z.  Recalling  (l.i),  this  equation  is 
expressible  in  the  form 
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(1.3) 


P +*  ? - P + i+TK 

b 2 dz  a>  2 


It  is  for  smaller  babbles  that  the  surface  tension  forces  become  significant. 
An  important  special  case,  which  we  shall  discuss  in  detail  in  the  last 
section,  is  that  for  which  P.  *P  . In  this  case  (1.3)  becomes 

D 00  <£ 


(1.4) 


ids 
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This  is  a simplified  mathematical  idealization  of  such  naturally  occuring 
problems  as  those  described  in  the  following  examples: 

1.  When  a bottle  of  champagne  is  uncorked,  gases  which  have  previously 
been  dissolved  in  the  liquid  are  released  in  the  form  of  rising  bubbles. 

2.  When  a driller  has  struck  oil,  the  top  of  the  derrick  is  uncapped 
and  because  of  this  sudden  change  in  pressure  bubbles  of  the  above  type  are 
formed. 

In  the  next  section  we  shall  show  that  these  equations,  which  we  obtained 
by  the  use  of  Bernoulli's  equation,  can  also  be  derived  by  certain  variational 
formulations. 

The  author  wishes  to  express  his  indebtedness  to  Professor  P.  R.  Gar  abed  ian 
and  Professor  H.  Schiffer,  whose  guidances  have  greatly  contributed  to  the 
successful  completion  of  this  work;  however,  the  author  is  individually 
responsible  for  the  accuracy  and  correctness  of  the  results. 


2.  The  Variation  of  Hadamard  and  the  Equivalence  of  Variational  and  Free 


Boundary  Problems. 


Let  us  recall  the  formal  procedure  which  is  employed  in  the  calculus  of 

# 

variations.  We  wish  to  find  within  a family  y (x)  a 'function  y(x)  which 
ext.remizes  an  integral  of  the  form 

1 - J f(y  >7  >7  ,.-,x)dx 

We  assume  that  an  extremizing  function  actually  exists.  Let  us  now  set 


* » 
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y «y(x)+€f|(x)  , 

where  6 is  an  arbitrary  real  parameter  and  t|(x)  is  assumed  to  be  as  many 
times  differentiable  as  is  necessary  for  the  discussion.  At  € -0,  y is 
equal  to  the  extremizlng  function  y.  A necessary  condition  that  a function 
y be  an  ext remising  function  is  that  I,  when  considered  as  a function  of 
the  parameter  6 , satisfy 


- 0 at  6-0 


Application  of  this  condition  leads  us  to  a set  of  differential  equations 
involving  our  extremizlng  function. 

The  types  of  problems  to  be  discussed  in  this  discussed  in 
this  paper  will  include  the  extr-emization  of  a functional  J which  depends 
on  the  form  of  a domain  0 . Throughout  this  paper  we  shall  adopt  the 
convention  of  allowing  letters  in  their  unaugmented  form  to  refer  to  our 


supposed  extremal  domain  D,  and  letters  which  are  super-scripted  with  an 

# 


asterisk  to  refer  to  any  domain  D admitted  to  competition.  Let  r denote 

a vector  drawn  from  the  origin  to  a point  z on  our  extremal  curve  C,  and 

let  n denote  the  unit  vector  extending  along  the  outer  normal  at  z (l.e., 

away  from  D).  The  variation  devised  by  Hadamard  is  to  define  a point  on 

* 

a curve  of  comparison  C by  the  vector 

r*  -■?+  6 ^(z)!?  , 

where  p(z)  is  an  arbitrary  real  function  depending  on  the  point  z eC,  and 

. *. 

6 is  an  arbitrary  real  parameter.  J(D  ; becomes  a functional  which  depends 
on  6;  if  J is  to  serve  as  an  extremizlng  functional,  a necessary  condition 
which  must  hold  is  that 


dilei  _ 

dfc 


0 at  6-0 


If  a side  condition 


G(D*)  - 0 


-iiw>ww.rfpm!iw  im*.'” 
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also  holds,  we  may  extremize  oar  functional  J by  constructing  tha  functional 

H - X J+  , 

where  X and  }\  are  Lagrange  multiplier.  Our  necessary  condition  Is 

- 0 at  € - 0 ; 

this  result  follows  from  the  class inn 1 calculus  of  variations , The  method 
of  Lagrange  multipliers  will  be  used  formally  In  this  section  and  explained 
completely  in  Section  3. 

We  shall  now  develop  some  specif ie  expressions  which  relate  functionals 
of  the  domain  of  comparison  to  the  corresponding  funotionals  of  the  extremal 
domain.  We  adopt  the  notation * 

0 — the  domain;  this  symbol  will  usually  represent  the  domain  exterior 

to  a simple  closed  contour; 

C — The  boundary  of  D; 

1 — the  length  of  the  curve  C,  if  C is  rectifiable; 

A — the  area  of  the  complement  of  D;  and 

Tf  — the  logarithmic  capacity  of  D. 

We  use  the  variation  of  Hadaaard  to  find  these  functionals  which  are 
* 

associated  with  D , the  domain  of  comparison. 

* 

From  geometrical  considerations  the  area  A is  observed  to  be 

(2.1)  A*  - A-fcJ f ds  + oU  ) 

To  derive  an  expression  for  the  length  jC , we  let  t denote  the  vector 

position  of  any  point  on  the  curve  C.  Then 

. « "r  6 p "3 

_ six.  + (.  ), 

ds  ds  ds 
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But  since  *~n*  - 0 and  - - K [4],  we  have 
where  K denotes  the  curvature . 

On  Integrating  both  sides  of  this  last  equation  with  respect  to  s over 
the  full  length  of  the  curve,  we  obtain  the  result 
(2.2)  l » Jl-ej  pXds  + o(6) 

A 

W 

In  a two-dimensional  flow  a vortex  of  unit  strength  has  a complex  velocity 
potential 

w - i log  a 

If  a body  is  placed  in  this  vortex  flow  and  T$(z)  transforms  the  region  of 
flow  2 about  the  body  onto  the  exterior  of  the  unit  circle,  then  the  complex 
velocity  potential  of  suoh  a flow  is  given  by 
w - i log  'tf 

t function  which  is  very  useful  in  the  representation  of  functions  is 
the  Green's  function;  it  is  defined  as  follows: 

The  Green's  function  g of  a region  D is  a function  of  two  points  s 
and  with  the  following  properties:  ii  Aa  regarded  as  a function  of  z with 

^ fixed  in  d,  a*  continuous  and  xanishea  on  Aha  boundary,  and  ia  regular  at 
ail  points  of  D except  at  ? , utesa  it  beeoaea  logarithmically  infinite  in 
such  a way  that 

g(z,^  ) - log  -w(z,$) 

is.  regular  and  harmnis. 

It  can  be  shown  that  this  function  actually  exists  and,  in  addition, 
has  the  symmetric  property  that 
g(z,T£  ) - g($  ,z) 
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We  shall  be  attacking  problems  which  involve  the  region  exterior  to  a 

curve  bounding  a simply*- connected  region.  We  introduce  the  notation  g(z) 

to  represent  the  function  g(z,oo).  Then  g(z)  has  an  expansion  about 

infinity  of  the  form 

g(z)  - log  |z|-  y +“~  + — ' \ ... 

z 

The  constant  y in  called  the  logarithmic  capacity  or  Robin’s  constant : 

sometimes  the  quantity 
n -# 

it  m Q 

is  called  the  outer  mapping  radius . We  shall  find  it  convenient  to  introduce 
the  analytic  function 

p(z)  - g(z) + i h(z)  , 

where  h(z)  is  the  harmonic  conjugate  of  the  Green's  function.  It  can  be 
shown  that 

• ?<*)  - 

naps  the  region  D onto  the  region  exterior  to  the  unit  circle;  Hq  is  an  arbitrary 
constant  of  rotation.  We  have  the  following  expansion  which  defines  a napping 
from  the  exterior  of  the  unit  circle  onto  D* 

* * ET*ao*|1*  ••• 

It  is  of  interest  to  notice  that  g(z)  in  its  hydrodynamical  sense 

represents  the  stream  function  of  a vortex  of  unit  strength  flowing  about 

the  boundary  C in  the  region  D. 

_ * 

-o  derive  a formula  for  ^ > we  construct  a circle  S so  large  that  it 


lies  in  D and  includes  all  of  C and  C in  its  interior.  We  note 
from  (2.1)  \ ^ 

1/  (Vg'Vg  )d<r  » If  (Vg-7g*)d(T-  ff  ( V g -V  g )df 

o-H, 


r 


\ 


D -D 


D -D„ 


- € J f>(Vg- 


^g  )ds  + o(6  ) 


\ 
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where  Ds  denotes  the  domain  exterior  to  S.  Since 


Vg  - Vg  + o(g  ) , 


we  may  write 


)ds  - € J*  (Vg)2de  + o(t  ) ; 


bat  from  Green's  theorem 


If  Vg-7g*d <r-  JJ  7g.7g*dr-  Jg*  da-  fg-f^-ds 

D -Da  D-Dg  C C 

* J(8*  - * it)d»  * J (e*  fS-  * ft,dj 

a a 

By  letting  r denote  the  radius  of  S f we  have 

# • 

g - log  r-  + *2  + ••• 

r 

xai 

g - log  r-  + ... 

Oar  previous  equation  must  hold  for  any  choice  of  S;  and  consequently 
must  hold  in  the  limit  as  S becomes  infinite;  therefore,  we  have 

O —-r-t  u"  ^ r P / n _ _ / y I 


-2TT(  y - y)  - €j  |0(Vg)2ds  ♦ o(6  ) 
We  have,  finally, 

(?-3)  s*-  y J(f5,2(ods*<>( 


. -fi. 

2TT 


' Let  os  now  investigate  the  problem  of  maximizing  the  logarithmic 
capacity  within  a family  of  curves  all  having  a fixed  length.  We  wish  to 
extremize  ^ ( fc. ) defined  by  (2.3)  under  the  side  condition  that 


(,  <*  £ — c C & k ds  + o ( £ ) ” co; 


By  applying  the  method  of  Lagrange  multipliers,  we  construct  the 


functional 


* V «* 


and  if  this  functional  is  to  satisfy  the  necessary  condition  that 

- 0 at  6 - 0 , 

u £ 
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the  following  equation  must  hold? 

A K]pa=  - ° . 

c 

Since  p is  arbitary,  we  have 


(2.4) 

but  we  have 


■ - A K(z)  , z£C  ; 
0 Q 


p da  _ JLg  + , _ 4 _2_b 


and,  according  to  the  Cauchy-Hieraann  equations, 


hence 


J2LE  JZh 

dn  03 


fS  - ip^(a)* 


where  we  use  the  dot  to  denote  differentiation  with  respect  to  s . (2.4)  becomes 

(2.4K  p'(s)2  i2.->K 

more  conveniently  expressed  in  the  form 
p^z)  qz  * -Az  Kds 

Making  the  subatition  ^ where  S'  is  the  argument  of  the  tangent 

I vector  to  C,  we  obtain 

p'(z)2dz  ■ - Ae'^dy 
By  integration  along  C,  we  obtain 
(2.5)  q(z)  - K+  i A e 1T  for  zeC  , 

where  K is  a constant  of  integration  and  q(z)  is  an  analytic  function  in  D 
such  that 

q/(z)  - p'Xz)2 

|2.5)  shows  that  the  curve  C maps  into  a circle  in  the  q-plane.  Noting  that 
for  large  z 

p/(z)2  * ^2  + ••• 
z 

we  see  that  its  integral  must  have  an  expansion  which  begins  -l/z . Since  If 


w 


represents  the  transformation  of  D onto  the  exterior  of  the  unit  circle,  and 
since  the  image  of  3 in  the  q- plane  is  the  interior  of  a circle,  we  are  led 


to  the  equation 
(2.6)  c 


t+h  ’ 


where  a is  a complex  constant  and  < ^ is  an  arbitrary  constant  of  translation. 
But  since  q/(z)«  p'tz)'6-  %'  / \ 'f  , we  obtain,  on  differentiating  both  sides 
of  (2.6), 


We  have,  finally, 


(2.7)  $'(z)  - -a 

By  solving  this  differential  equation  it  becomes  clear  that  our  extremal 
curve  is  a circle  in  the  z- plane . This  circle  must  have  a radius  £/2tt,  where 
Jt  is  the  value  of  the  fixed  length. 

The  complex  velocity  potential  of  a body  bounded  by  a curve  C placed  in 
a uniform  stream  of  unit  velocity  has  an  expansion 
w * z + . . . f 

Lettlng  a -Re  OC,  it  can  be  shown  [131  that  the  following  relation  holds* 

(2.S) 


where  M is  the  virtual  mass  of  the  flow  about  C and  A is  the  arsa  enclosed  by  C. 

In  a manner  very  similar  to  the  one  in  which  we  derived  (2.3),  we  oan 
also  show  [131  that 


\*.yj 


a*  - a- ^ j (VCj>  )2  ^(z)ds  + o(6  ) , 

C 


where  represents  the  velocity  potential  of  the  flow  about  C.  From  (2.8) 
and  (2.9)  we  obtain 

(2.10)  M*  - U+  ej  [1-  (V^)2lds  + o(6  ) 

Let  us  now  consider  the  problem  ox  maximizing  the  constant  a,  when  the 
length  ■£  of  each  member  of  a family  of  curves  C is  held  at  a fixed  value 
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We  construct-  the  functional 
J - a + XI 

By  repeating  the  procedure  in  which  we  solved  the  problem  which  led  to  (2.7), 
we  use  (2.8)  and  (2.9)  to  construct  the  functional  Jj  on  applying  the  conditions 
for  a minimum  that  ■ 0,  for  £ ■ 0,  as  before  we  obtain 

(2.11)  (vcp  )2  - |^?12  - A K 

But  this  equation  has  the  same  form  as  (1.4),  which  we  derived  by  Bernoulli's 
equation.  This  variational  problem  is  equivalent  to  the  special  case  of  the 
problem  of  determining  the  shape  of  the  bubble  with  surface  tension  and 
with  P^"PQ+  1.  We  shall  treat  this  problem  in  detail  from  the  variational 
point  of  view  in  Section  6.  Prescribing  the  fixed  length  £ is  equivalent 
to  prescribing  the  surface  tension  T. 

It  has  also  been  shewn  that  variational  problems  which  involve  logarithmic 
capacity  are  reasonable  idealizations  of  free  boundary  problems  in  a two- 
dimensional  vortex  flow  (13 ].  Since  this  functional  has  been  studied  widely 
in  mathematical  literature,  we  treat  a problem  in  great  detail  which  Involves 
this  functional.  The  proofs  of  existence  and  justification  of  formal 
procedures  are  easily  extended  to  the  hydrodynamical  problems  which  we 
consider  in  Section  5.  The  problem  considered  in  Section  5 is  an  idealization 
of  the  following  hydrodynamical  problem: 

Find  iaa  shape  of  iha  cross  section  of  an  Infinitely  long  inflated 


gabfaar  sMet  attested  at  bath  edges  to  an  infinitely  long  rectangular  plats 
of  fixed  nidth,  unsn  this  configuration  is  placed  in  a unit  tno-dissnaional 
xoctsx* 


—j** 
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3.  The  Variation  of  Schlffar. 

In  the  previous  section  we  were  able  to  proceed  in  a formal  manner 
directly  to  a differential  equation  when  we  used  the  Hadamard  method  of 
comparison.  Very  often,  however,  this  method  leads  us  only  to  an  heuristic 
method  of  guessing  an  extremal  solution  to  the  problem.  In  order  that  the 
method  of  Hadamard  be  strictly  applicable,  one  may  admit  to  competition 
only  curves  with  smooth  boundaries.  To  generalize  the  class  of  admissible 
functions  and  to  justify  each  formal  process  would  require  tedious  arguments 
based  on  the  theory  of  real  variables . If.  Schlffer  has  evaded  this  hopeless 
task  by  devising  a method  of  comparison  which  employs  a conformal  mapping 
rather  than  a shift  in  the  normal  direction;  consequently,  this  procedure 

is  valid  for  any  goneral  sort  of  domain. 

* 

We  let  a point  in  D , our  domain  of  comparison,  be  defined  by 


(3.1) 


, + **2 

z-»_ 


where  zq  is  an  arbitrary  point  of  D,  € is  an  arbitrary  real  parameter 

which  assumes  values  in  some  neighborhood  of  6 • 0,  and  <jp  is  an  arbitrary 

member  of  [0,2ir).  z performs  a Schlieht  mapping  of  the  exterior  of  a circle 

in  the  z- plane,  having  zQ  as  its  center  and  having  a radius  ^ TeT  onto 

the  entire  plane  save  for  a slit  extending  from  z - 2 \ e ? e^^)/2  to 

zo  + 2Anrre(i^)/2.  Since,  for  6 ■ 0,  z performs  the  identity  transformation 

on  D,  and  since  a circle  which  lies  entirely  within  B msy  bo  drawn  with  »o 

as  center,  provided  that  its  radius  is  sufficiently  small,  there  is  some 

r _ * 

interval  of  values  of  €.,  say,  L-  €1»  such  that  z performs  a Sohlict 

* 

mapping  on  the  boundary  of  D.  Wei  now  define  D as  the  domain  whose  points 

w . 

comprise  the  exterior  of  the  curve  C on  which  C is  mapped  by  (3.1). 
Consequently,  if  an  extremal  domain  exists,  the  extremal  value  of  the 
functional  J(D  ) is  given  at  € - 0,  and  J(D  ) is  also  defined  in  the 
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neighborhood  C-  It  is  a necessary  condition  that 


f*-  - 0 at  £ - 0 


Let  us  now  apply  the  Schlffer  variation  to  the  determination  of  the 


functionals  associated  with  the  domain  of  comparison.  We. shall  find  the 
length  X of  C the  boundary  of  D . By  differentiation  of  (3,1)  with 


respect  to  arc  length,  we  obtain 


we  have 


* 

„ da  h - e ) 

* da  (z-z/' 


* 2 * ¥ 
t-  -fc-fc-.l-ct- 


da  da 


(z-z  r (z-z  )' 
o o 


+ o(  e) 


19  A * o 

- 1-  2£Re  -“S~  ^ + o(G)  - (“-)2 


(z-z  ) 
o 


1-  €Re  — ^--  'o  + o(6  ) 
(z-z  , >2 


Integration  of  both  sides  of  this  equation  over  the  full  length  of  G produces 


(3.2) 


i?  = >2-eR e e^  f — da — jj  + ofc) 
w (z-  zQ) 


Let  us  now  develop  an  expression  for  the  logarithmic  capacity  J of  D . With 


this  goal  in  mind  we  construct  the  integral 


j <P*(t*)- 


p(t))dp(t) 


C-C'+C" 


where  C/  represents  a circle  large  enough  to  include  C and  the  point  z in 


its  interior.  C"  represents  a system  of  cuts  connecting  C and  C"  so  that 


t traces  C in  a counter-clockwise  direction,  C * in  a clockwise  direction. 


and  Cw  in  such  a way  that  the  complete  circuit  encloses  a simply  connected 


region. 


-*W««***^ 
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WV^Rtl '''^gS4  ■ " 


Noting  that  we  may  write  dp  ^ dt  on  C/  (not  neoesaarily  true  for  C, 
however),  and  that 


if 


log  *•-  log  (l+"fj!,  j) 


we  consider  the  expansion  at  infinity  for  the  logarithmic  function  and  for 
P/(t);  since 

p(z)  - log  z + # ♦ + . . . , 


2^JL 


is  the  only  term  which  contributes  to  the  integral  over  C'j  by  the 

* * , *, 


residue  theorem  it  beoomes  simply  J - ft.  Nov  p (t  ) and  p(t)  are  both 
imaginary  for  t€C.  This  integral  when  viewed  in  the  p- plane  represents  a 
contour  integration  with  an  imaginary  dp.  Considering  the  integration  taken 
over  the  image  of  C in  the  p- plane,  we  see  that  the  portion  of  our  integral 


taken  over  C is  imaginary.  Thus,  if  zq  is  a point  of  D and  V is  a 


circle  whose  circumference  lies  entirely  within  D,  surrounding  sq,  we  have 


Sf*  " & + Re  2rri  ] to* (**)“  p(*)l  dt  dt 


(Note  that  here  we  are  justified  in  writing  dp«p/(t)dt.) 


If  %Q  is  an  exterior  point  of  D,  then  it  is  not  enclosed  in  the  circuit 


of  integration  and  we  have 


meaning,  of  course,  that  is  conformally  invariant  under  such  a transformation. 
To  evaluate  the  integral  over  JT  ■«  note  that  p(t)  and  p (t)  are  both 


regular  inside  T and  hence 

2Ui  J Cp(t)-P*(t)]  g dt  - 0 . 


Thus, 


- y + Re  I Cp  (**)-  P* (t)]p7(t)dt 

^ 4 /ft 


f Cp#/(t)  + o(  e-)]p'(t)dt 


V ***  2tTi  J 

r 


z - s 


iS 

'r  1 


/ 


• *«,*  r=** t»«a  v- 


~ ^ i.mar. 
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Since 

p '(t)  - p'(t) + o( 6 ) , 

we  have 

ft*  ’ tf+  Ref^[  f fii^~dt*o(€)  5 

r 0 

by  applying  the  residue  theorem  we  have,  finally, 

(3.3)  Q * "ft  + 6 <T(zq)  86  e^p'^)2  + o(e ) , 

where  <r(0  " 1>  a £ &, 
o o 

(T(ao)  - 0,  aQ£D} 

and  where  D is  the  domain  complementary  to  D. 

* * 

Lastly,  we  shall  develop  an  expression  for  the  area  A associated  with  D . 
We  use  the  following  formula  as  a point  of  departure: 

A-|HeiJ'zda 

G 

It  follows  that 

A « n He  i / z dz  ■ ^ Re  i / U + — ) (l  - ^>)dz 

C C 0 U~V 


- *+f  *•  1 'Wcf-g-j  * i 

0 0 0 <*-V 


integration  by  parts  provides  us  with  the  result 
(3.4)  A#«  A +6 He  i e1^  <£  ♦ 0 ( € ) 

i z_zo 

It  is  possible  in  this  manner  to  find  the  changes  in  many  of  tbs 


functionals  associated  with  the  domain  of  comparison.  It  should  be  noticed 

that  formulas  (3.2),  (3.3),  and  (3.4)  actually  reduoe  to  formulas  (2.l),  (2.2), 

and  (2.3)  when  the  boundary  of  the  domain  is  a smooth  curve.  This  is  clear 

if  we  write  the  magnitude  of  the  shift  in  the  direction  of  the  normal  as 

Re  i z.  “ , where  the  normal  is  considered  positive  when  pointing  away  from  D. 
c 

If  we  substitute  this  expression  in  (2.l),  (2.2),  and  (2.3),  we  obtain 
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immediately  (3.2),  (3.3),  and  (3.4).  Examination  of  these  formulas  shows 
that  capacity  and  area  are  functionals  which  grow  monotonically  with  the 
domain.  Within  families  of  twioe  differentiable  convex  corves  this  property 
is  also  true  for  length. 

In  most  extremal  problems  which  occur  in  conformal  mapping,  it  is 
desired  to  extremize  one  functional  while  others  are  held  constant.  There 
are  a number  of  ways  in  which  this  can  be  accomplished.  One  may  either 
generalize  the  form  of  the  Schiffer  variation,  apply  a procedure  which  utilizes 
the  Lagrange  multipliers,  or  use  a combination  of  the  two  methods.  In  the 
direction  of  generalising  the  variation  of  Schiffer,  one  may  extend  the 
method  of  obtaining  a comparison  domain  to  include  variations  of  the  form 

^(zjz)  can  generally  be  a non-ana  lytic  function  of  a point  z,  although  it 
will  usually  involve  some  fixed  points  as  parameters . We  shall  see  that  we 
will  ultimately  obtain  a differential  equation  involving  these  points,  whose 
solution  defines  an  analytic  function  of  the  points. 

Let  us  denote  our  functional  which  we  wish  to  extremize  by  JQ(D  ),  which 
varies  with  the  form  of  the  domain  D under  certain  constraining  conditions. 

Let  us  now  consider  the  hypothetical  situation  that  a minimum  value 
J0(D)  - h 

exists  for  the  function  Jq(L  ),  where  J ^ (i-  l,2,...,m)  are  functionals  which 
satisfy  the  m constraining  conditions 


* 0 (i=  1,2,..., a)  .| 


Let  z represent  a point  in  the  extremal  domain  and  let  a point  in  D 


be  given  by 


z - z + € 7 + €,F.,  + ...+  fe.F.  + ... 
00  11  i i 
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The  are  chosen  so  that  they*  is  a one-to-one  correspondence  between  the 

* 

pointa  of  C and  those  of  C for  all  (i-  0,1..,., n)  in  a sufficiently 

small  neighborhood  of  6q ■ €^m  ...*0.  The  theory  of  Lagrange  multipliers 

tells  us  that  if  a minimum  of  Jq  is  to  exist,  a necessary  condition  to  be 
satisfied  is  that  there  exist  constants  A^  (i- 0,1,2,.  ,.,m),  which  we  call 
Lagrange  multipliers,  suoh  that 

“ 0 for 


sail 

**i 


€i  - 0 


(i  • 0,1,2, . . ) 


& 

where  J(D  )•  \_J  + A-i  + . . . + A J • There  are  an  infinite  number  of 
oo  ix  mm 

equations  for  the  m+l  A'e.  If  these  equations  are  to  hare  a solution  in 
the  Aj’Si  then  the  infinite  matrix 
93,  3J.  J 


*«o 

a«i 


* ci 

r.»*. ,,  ’ ..>•••  ~ 


aei 


a 


• e • 


must  be  ef  rank  less  than  m+l.  To  see  that  this  is  indeed  the  ease,  we  note 
that  if  this  matrix  were  of  rank  m+l  it  would  be  possible  to  ohoose  a 


particular  arrangement  of  the  infinity  of  rows  such  that  the  determinant 

as  ?J, 

9 4, 


I 


JL 


\£*o 

i i. 


k. 


• • • 
• * e 


3 J 


JL 


m 


i 


JPSIH  ill  "* 


- WfWBW'* 


r^\ 


■mtx. 
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does  not  vanish.  Bat  the  non-vanishing  of  this  determinant  implies,  by  the 
theorem  of  implicit  functions,  that  the  system  of  equations 
J (B  ) ■ J_(  ,••«,£.  ,0,0, ...,0)  ■ h + U 

° ° v V V 


Ji(^y  > »•••»€.  ,0,0,0..,)  ■ 0 

o jL  xm 

, 6j^,  • • • » € j^, 0,0,0. . . ) ■ 0 


VS > ■ 0 

o 

can  be  solved  ao  that  the  € are  functions  of  U in  some  neighborhood  of 

*i 

U-  0.  However ; this  means  that  JQ  is  defined  for  certain  negative  values 
of  U in  this  neighborhood,  and,  consequently,  there  are  values  of  U for  which 
h,  even  when  the  equations  are  still  satisfied.  However, 

this  situation  is  a violation  of  our  original  hypothesis  that  h is  a ‘solution 
of  the  minimum  problem.  Thus,  the  matrix  is  of  rank  less  than  m+l  and  must 
be  solvable  for  the  Lagrange  multipliers . 


4.  The  Existence  of  Extremal  Domains. 

Once  it  has  been  established  that  a solution  to  an  extremal  problem 
exists,  we  may  feel  secure  in  applying  the  method  of  Lagrange  multipliers 
to  obtain  a differential  equation  for  our  extremal  domain.  Because  of  the 
uniqueness  of  a solution  of  a differential  equation  with  properly  ohosen 
boundary  values  we  can  be  sure  that  the  solution  is  actually  the  extremal 
solution.  This  section  will  be  devoted  to  proofs  of  a general  nature  on 
the  existence  of  solutions j we  se'e  in  Section  5 that  the  conditions  of  our 
specific  problem  arc  special  casea  of  the  more  general  theorems  in  this 
section.  Much  of  this  discussion  is  a slight  generalization  of  [31]  and 
is  designed  to  suit  the  needs  of  this  paper. 


Wi 


• J*-* 


.irf 
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We  shall  first  demonstrate  a property  possessed  by  the  length  Jl  of 
a curve  belonging  to  a family  of  continuous,  rectifiable  curves  C in  the  plane. 
Let  there  be  a family  C of  such  curves  and  let  the  complex  position  of  a 
point  on  C be  represented  by 

a ■ x+  iy  • f (t)  , 

where  t is  a real  parameter  which  assumes  values  in  an  interval  [0,T]  and 
f(t)  is  periodic  with  a period  T.  We  shall  now  prove  the  following  theorem 
Theorem  4-1.  4&y  Particular  member  CQ  of  a family  fit  fiaTYfig  C haa  Ihfi 
property  that,  for  any  sequence  qf  curves  such  that  f -(t)— »fQ(t)  for  all  t 
in  [0,T],  given  € >0,  there  exists  an  N such  that  i(Cn)  > ^(Cq)-€  tar  all  n>M. 

Let  ^jt^yt^, . . .,t^  denote  a sequence  of  valuas  of  t,  where 
0»  tQ<t^  and  let  f(tQ),f(t^), . . . jf^/t^)  represent  the 

corresponding  points  on  a curve  C.  If  we  now  inscribe  a polygon  P in  C with 
vertices  at  each  of  these  points,  then 

■««  - ilrfV-rU^)! 

i-1,  1 1 

and 

.i(C)  - lim  <£(P) 

K-*oo 

felvt  ho 


If  Theorem  4.1  were  not  true  there  would  be  a curve  Cq,  the  length  of 

which  we  shall  denote  by  Lq  where  the  following  situation  would  hold:  We 

could  find  a sequence  fQ— >fQ  such  that  for  any  €.  > 0,  we  would  have 

(4.1)  i(C)^i(C  )-€ 

n o 

for  every  value  of  n. 

Inscribe  a polygon  P^  in  C with  the  f. (t)  as  vertices. 

o o i 


Now,  in  view  of  the  convergence  of  fQ,  we  may  find  an  N^  so  large  that 


IW-Wli 
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Let  N«  Max  Nr 


Inscribe  a polygon  in  the  corresponding  curve  C^.  On  writing 

^V^o^i-l^  " fo^V"fN^V  + W'^Vl^  + ^V-l^o^i-l^  * 


we  have 


lfottl)-fo(tl-l)>-lfo(ti)-rB(ti)l‘lfH<ti,-f*(tl-l,l*lrH(tl-l>-fo(ti-l)l 


it  follows  that 

i<r0)<i(PH>*f^i(cH)*f 

Bat  since  satisfies  (4.1), 

^(Po)<Lo-f  • 

Since  this  must  hold  for  every  possible  choice  of  P , we  have 

But  this  is  a contradiction  of  our  original  hypothesis  that 

£(C  ) - L j 

o o 

hence,  the  only  other  alternative  is  that  Theorem  4.1  must  hold. 

We  shall  find  it  convenient  to  use  jt( f)  interchangeably  with  the  symbol 

C),  where  f(t)  is  the  complex  parametric  function  representing  C.  We 

shall  say  that  a family  of  curves  C is  compact  if  it  is  possible  to  select 

from  every  sequence  of  C a sub-sequence  Cq  such  that 

lim  f ->  f , 

n-»oo  a 0 

where  f represents  parametrically  a curve  within  the  family  C.  No 
confusion  should  arise  if  we  use  interchangeably  the  terminology  "the  family  f" 


and  "the  family  C".  We  now  prove: 

IMaraa  4.2.  If  c represents  a fioapflfii  family  of 
curves . then  the  problem 

i(C)  - Min 

has  a solution  within  the  family  C. 


i,  rastlfiabl* 
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Due  to  the  obviously  non- negative  character  of  the  length  ot  a curve,  there 
must  certainly  be  a greatest  lover  bound  Lq.  In  view  of  the  definition  of  a 
greatest  lower  bound  there  must  be  a sequence  of  functions  f such  that 


lim  i(f  ) - L 
n— *oo  0 

Since  C is  compact,  we  may  select  a sub-sequence  f of  f which  converges 


to  a function  f within  the  family  f . 
o 


must,  of  course,  satisfy  the 


inequality 


* lo  > 

since  Lq  is  a greatest  lower  bound.  Because  of  Theorem  4*1  we  have 

Ut  )>i(f  )-€ 

ni  ° 

for  sufficiently  large  values  of  i.  But  because  of  the  convergence  of  i?(f  ) 

ni 

to  L , there  must  be  an  i large  enough  that 

i(f  )<L  +e 
°i  o 

Then  there  is  a value  of  1 (say,  I)  large  enough  so  that 


fl/- 


and  we  must  have 


L i(f  )C  L + 26- 
o o o 

This  inequality  can  only  hold  for  all  fc“  if 

1(0  " Lo 

o o 

Hence,,  the  greatest  lower  bound  is  attained  within  the  family. 

It  is  clear  from  the  manner  in  which  we  defined  length  that  this  termin- 
ology is  also  synonymous  with  the  terminology  variation  of  the  function  :f(t) 
in  the  interval  [0,T].  If  a curve  0 is  rectifiable,  then  f(t)  is  necessarily 
a function  of  bounded  variation.  He  shall  have  oooasion  in  Section  5 to 
refer  to  the  following  theorems  which  we  new  state  and  proves 
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Theorem  4.3.  Let  <XQ(t)  (n  * 0,1,2, . . . . co)  is  £ asqUSUSS  af  nan- 
dccr easing,  bounded . xsal  fflaetigna  defined  f&C  t la  afi  interval  C0;T);  jJagn 
there  ozi&ia.  a a§±  a!  natural  numbers 

nQ  ^ ^ • 

and  a non- decreasing,  bounded  function  exit)  aiifih  that  lim  of  (t)— *x(t) 

i-ce  ni 

Xer  all  t€[o,T}. 

Proof . Let  us  first  form  g sequence  of  values  of  t which  is  everywhere 

dense  in  tO,T],  say,  t (n>  0,1,2,...).  Then  3ince  the  sequence  rt  (t  ) is 

ra  no 

bounded  at  t , it  follows  from  the  Boizano-Weisrs trass  theorem  that  it  must 
o’ 

have  at  least  one  limit  point.  We  may  select  a sub-sequence  Of  Q(t  ),  of  Q(t  ),... 

no  0 “2 

which  converges  to  a limit  which  we  shall  call  ptft^).  Since  the  sequence 

0(  oOm)  is  also  bounded,  we  may  select  from  it  a sub-sequence  of  i(0,  of  i(t  ), 
n±  x “o  1 nl  1 

0^i(t1),...  for  which  lia  Of  (t.  ) -^Of(t,  ) . In  the  same  manner  we  may 

n2  i-»oo  1 1 1 1 1 2222 

select  a subset  of  the  integers  n0>ni»?2»n3>***>  3ay,  nQ,.  n^n^n^, such  that 

lia  of2(tJ  - of(t9) 

n * * *• 


m 


i-*oo  n' 

If  we  continue  this  diagonal  process,  we  have  for  every  t 

lim  of  _(t  ) - C*(t  ) 
i— > ao  n^ 

We  thus  have  an  of(t)  defined  for  all  t . Furthermore,  we  are  free  to  adopt 

m 

the  following  definition  for  any  t in  the  interval 


lim  \t)  " Pf(t) 

1 --  rtn  T 


11m  of  ,(t)  - Qf(t) 


►00 


■1 


where,  of  course,  odt  ) - of {t  7“  Ctf(t  ) (m- 0,1,2, ...). 

m m m 

If  t is  any  point  of  continuity  of  £X  or  o<,  we  must  have  of(t)  - £<(+,), 

since  one  can  find  a sub-sequence  t of  t for  which  t — » t,  and  since 

m^  m m^ 

p<(t  )”  o<(t  ) for  every  member  of  thie  sub-sequence;  we  now  have  the 
m — ■ " 


m. 


.•UK* 


resalt  that 

11a  q(  ,(t)  - ^(t)  - <tf(t) 
l-^oo  aj 

for  every  member  of  t and  for  the  points  of  continuity  of  a^t)  and  2i(t). 

We  are  free  to  designate  this  common  limit  by  out). 

The  remaining  points  comprise  the  set  “T^,  T^,  Tj,...,Tn,  °f  points 

of  discontinuity  of  the  functions  5?(t)  and  e£.(t),  which,  because  nt  and 

are  non-decreasing,  form  a countable  set.  The  sequence  of  ^(vTo)  is  bounded, 

ni  ° 

and  from  n^n^r^,..,,  we  may  select  a sub-sequence  K°,K^,K^,  for  whioh 
(X.(  Tq)  approaches  s limit,  which  we  may  designate  as  a^.  We  may,  in 
faei,  apply  the  same  diagonal  process  to  the  points  of  discontinuity  that 
we  applied  to  the  set  t_  and  select  a diagonal  sequence  K?  (where  the 

S X 

subscripts  and  superscripts  of  K have  the  same  meaning  as  those  of  n)  such 


o^j(Tp)  ">ap  (p- 0,1,2, ... ) . 

Let  us  now  define  0((Tp)  •*  Then  ortt)  is  defined  at  every  point 
in  the  interval.  Since  K*  is  a subset  of  n^,  we  may  set  nQ"K°,  n^"^. 


«K?,  and 


“2^2 


we  have 


lim  <X  (t)  - or(t) 

i->®  Qi 


defined  for  all  points  on  the  interval. 

Furthermore,  cK(t)  is  non-decreasing,  for  otherwise  there  would  be  a 
t-ct^  such  that  Oi'(ta)>cf(t^) . Set  o<(ta)-c<(t^) « 35“ . Convergence  ofcx^ 
implies  that  we  can  find  a positive  integer  N such  that 

1 (ta)“*  *(tg)  I < £ and  |<x'K(tb)-<rt(tb)|  < S 

for  all  N.  We  conclude  that 


""i  — ..  . 
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0<(t  ) ">  c<(t  )-  S : 

* a 

^N(tb)~  <^j(ta)  C o((t  )*25“  - - S<  0 

However,  this  last  inequality  is  a oontrsdieticn  of  our  hypothesis  that  (X'g 
is  non-decreasing. 

In  risw  of  the  fact  that  a real  function  of  bounded  variation  can  be 

represented  as  the  difference  of  two  non-decreasing  functions.  Theorem  4*3 

can  be  easily  extended  to  apply  to  real  and  complex  functions  of  bounded 

variation  (Cl6]  and  C33l).  This  theorem,  which  we  shall  be  using  in 

conjunction  with  Theorem  4.2  to  demonstrate  compactness  of  our  family,  was 

originally  proved  by  Helly  Cl6]j  we  now  state 

Theorem  4.4.  Let  f (t)  fo  a sequence  of  bounded,  complex  functions  of 

n 

qniformly  bounded  satiation  defined  lot  the  tool  parasoist  t in  an  interval 
Co,T].  Then  thare  e slate  a asi  of  positive  integers 

nfl-c  ^ ELj  < ... 

and  a function  f(t)  which  ia  also  founded  And  of  founded  variation  for  which 

lim  f (t)->f(t) 

L->oo  i 

Another  result  which  we  shall  need,  also  due  to  Helly,  is: 

Ihaoraa  4.3.  Lot  tte  saquanca  of  functions  ofn(t)  fo  of  uniformly 
founded  variation  in  to,T],  auppoas 

lim  of  (t)  ■ of (t)  , 

00  n 

and  1st  f(t)  fo  continuous  in  [0,T].  Then 

lim  ^ f(t)doffl(t)  - J f(t)dof(t) 


i 


The  hypothesis  implies  that  o<(t)  is  of  bounded  variation.  Hence  there 
exists  a number  V which  is  not  less  than  the  variation  of  any  of  the  functions 
o^Q(t)  and  0^(t).  Let  £ be  an  arbitrary  positive  number.  Choose  a 
sub-division  of  [0,T]  so  small  that  the  oscillation  of  f(t)  is  less  than 
in  any  of  the  sub- intervals.  Let  the  points  of  the  sub-diviBion  be 


0 - t -<t,-=t0-«:...-ct  - T 
old  m 


and  let  us  designate 

T T 

Hn  - ff(t)a*n(t)-  ft(t)dffUt) 


i 


H 


then 


fr  j [r(t)-f(t1)0dAn(t>- ^ J I 

*1-1  " *1-1 


ffi  ^i 

|Hjl  ^ € v+  ev+M  j J a(o<rntt)-pc(t))| , 


Cf  (t)-f  (tj^)  3db<t) 


f(t±)  l^d&^co-otun 


i-1 


'i-1 


where  M is  the  maximum  value  of  |'f(t)|  in  [0,T],  ^hen 

|Hn|^2€T*M  ST  CVV"^(Vl>*^ti>’*(ti-l)3 


By  selecting  n sufficiently  large  we  have 

kn(ti)-0Cn(ti)|  < €/a 

and 

^^1-1^"  ^n^’i-l^  ^ 6//“  * 

hence, 

lim  |H  | ^ 2CT  + 26-M 
n-x» 

In  order  that  this  inequality  should  hold  for  all  possible  choices  of  6, 
we  must  have 

iim  H • 0 , 

H->oo  n 

and  from  this  Theorem  4.5  follows.  This  result  is  also  easily  extended  to 
complex  functions. 
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5.  AaJtoaaaa  Problem  with  £apa&lty_aad  langtfa. 

We  shall  nos  extend  the  problem  which  we  solved  in  Section  2 to  the 
following  problem  with  an  added  constraint,  which  we  formulate  in  the  following 
manner t 

£iad,  within  tha  family  a£  rectifiable,  flantinnana,  alaasd  curves  c , 
ail  haying  an  outer  napping  laalaa.  R,  and  ansa  that  a fi«d  linsar  aagssnt 

— » t 

ia  contained  in  R , tha  curve  c ahisb  aoliaa  the.  prahlsa 

J(  L ) - Sin 

We  let  the  letter  1»  refer  to  that  part  of  the  boundary  G which  excludes 

any  part  of  the  fixed  segment  which  we  specify  to  be  the  interval  [-1,11. 

It  should  be  noticed  that  this  segment  can  either  be  completely  enclosed  by 

* 

an  admissible  curve  C , or  that  part  or  all  of  this  segment  can  be  part  of 

# 

the  boundary  of  C . We  shall  refer  to  any  part  of  this  segment  which  may 

* 

happen  to  lie  on  the  boundary  of  a curve  C as  the  fixed  boundary  and  to  the 

* 

remaining  part  of  the  curve  L as  the  free  boundary.  We  shall  let  the 
letter  Jl  by  itself  signify  ./(L). 

* 

for  each  member  of  the  family  C there  corresponds  a Sehlicht  mapping 

function  f ( £ ) , which  maps  the  region  exterior  to  the  unit  circle  onto 

* id  */  i©\ 

the  region  exterior  to  C . On  setting  £ * re  , f (re  ; is  expandable  in 

a Fourier  series.  From  the  principles  of  Abel  summability  of  Fourier 

series  C24]  it  follows  that  lim  t (re*®)»  f (e*9)j  that  is  to  say,  the 

r^l 

analytic  function  defined  by  the  Fourier  series  defines  the  same  analytic 


A 


function  on  the  boundary  of  the  unit  circle. 

| Because  0^  the  obviously  non-negative  character  length  there  wil 
inevitably  be  a greatest  lower  bound  m for  which  there  would  be  a sequence 
Ljj  such  that 

lim  J0(L  ) ■ m 
n— n 


Associated  with  each  is  a curve  Cq  whose  length  is  at  most  2 more  than  1^. 

Hence,  each  function  fn  associated  with  CQ  is  of  boundod  variation  on  the 

unit  oircle,  so  that  the  result  of  Theorem  4.4  implies  that  from  the  family 

f (e*®),  which  is  defined  for  9 in  [0,2TT),  we  may  select  a sub-sequence 
n 

f (e1^)  which  converges  to  a function  f (e1®)  which  must  be  of  bounded 
ni  0 

variation.  In  the  region  exterior  to  the  unit  oircle,  each  f has  an 

ni 

expansion  of  the  form  nA  n4 
f - R 


B1  f-* 


wnere 


rn  (?)«•* 


in-i  J 


_i_  £ 

2tri  J 

Ki-i 


dlV(y } 


2rr  i J 

9-0 


9-2rr 

!'  4£^ 

19 


Let  f ( p)  be  the  analytic  function  in  D having  as  its  expansion  the 


oo 

coefficients 

Then 


- lim  a. 


i— >oo 


2TT 


2rr 

J 


in9  . , 19. 

e df  (e  ) 
00 


P im9  / 10 

In  riew  of  Theorem  4.5  these  coefficients  must  be  equal  to  - J e“af  (e  ) 


hence,  lim  f (re*®)  is  equal  to  f (elw)  and  we  may  use  fQ(  jO  to  denote 


19  > 


r->*l 


oo 


the  same  analytic  function  exterior  to  the  unit  circle  and  also  on  its 
boundary.  We  have  from  Theorem  4*5> 


R --  lim  - 
i->oo 

19 


2TT 


/ 19% 

rar  \e  j r 

f JL  f 

J „i9  2TT  J 


.16 


so  that  f (e1*)  maps  the  unit  circle  onto  a curve  having  the  same  outer 
mapping  radius  as  each  fQ(e*®) . Sinoe  f represents  the  limit  of  Schllct 


functions,  it  must  also  be  Schlict. 
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-Xs  ?■***.*''.' 


We  no*  show  that  the  segment  [-1,1]  is  included  in  the  domain  D 


associated  with  tQ . Let  os  suppose  that  the  contrary  oondition  holds,  namely. 


that  there  is  a sequence  which  converges  to  a limit  Gq , where  a point  sQ  on 


[-1,1]  belongs  to  Dq.  ^hen  by  definition  [22]  there  is  an  n (say,  W)  so 


ir.rge  that  %Q  may  be  surrounded  by  a neighborhood  Hq  containing  points 


entirely  in  Dg.  This  means  that  must  contain  some  point  of  [-1,1]  which 


belongs  to  every  member  of  the  converging  sequence  Dq»  Ve  have  shown  that 


the  functions  f form  a compact  family, 
n 


Let  us  new  ccnsidsr  the  family  of  free  boundary  curves  Lq  for  which 


lim  £(L ) - m 
n->o 


Let  us  now  map  each  fay  means  of  a sapping  function  t onto  the 


half  plane,  so  that  L^  corresponds  to  the  interval  [0,1],  Then  the  coordinates 


of  each  Lft  are  represented  by  parametric  functions  hQ(t),  where  t is  a real 


parameter  which  assumes  values  in  [0,1],  sinoe  each  hQ  is  of  bounded 


variation,  we  may  apply  Hally's  ssleotion  principle  and  find  a subsequence 


h , where  h is  a function  also  of  bounded  variation, 
o o 


h such  that  h - 

nJ  QJ 

Remembering  that  the  terminology  -#(Lq)  is  synonymous  with  the  term 


variation  of  wa  have  from  Theorem  4.1  for  any  € , and  sufficiently  lar 


(L  ) >^(L  )-  € 

“j 


where  Lq  represents  a curve,  which  must  be  rectifiable,  assoicated  with  the 


mapping  - hQ(t) . sut  we  also  have  for  n^  sufficiently  large 


/(L  ) < a*€ 
Qj 


from  which  it  follows  that 


) <m+2fe 
o 


ar 


is  a compact  family,  there  must  be  associated  with  L a curve 
n o 


Cq  having  an  outer  mapping  radius  R and  having  [-1,1]  in  Dq,  If  the  last 


It 


.wesi 


-wnW**" 


m 


- 31  - 


inequality  is  to  hold  for  every  possible  choice  of  € , we  must  have 

/(Lo)-?m  . 

Whether  the  equality  or  inequality  sign  holds,  Lq  solves  our  minimum  problem, 
since  it  is  associated  with  a curve  Cq  having  the  properties  specified  in  the 
hypothesis  which  we  used  to  formulate  the  problem. 

It  will  be  convenient  to  prove  also  that  the  extremal  domain  D must  be 
bounded  by  a ourve  whose  free  boundary  is  convex.  If  it  were  not  so,  we 
would  be  able  to  find  two  free  boundary  points  a.  and  which  can  be  Joined 
by  a straight  line  which  lies  entirely  within  the  domain  D.  The  region  D 
enclosed  by  the  boundary  formed  by  replacing  the  arc  z^z^  by  the  straight 
line  ^*2  has  grown  nontonieally.  Consequently,  the  outer  sapping  redins 
R/  associated  with  this  new  domain  D'  ia  greater  than  the  S associated  with  D. 
let  us  now  seleot  two  free  boundary  points  and  a^  whioh,  unlike  a^  and 
can  be  joined  by  a straight  line  lying  entirely  within  D".  The  domain  D", 
bounded  by  the  cnrve  C7/,  formed  by  replacing  the  arc  z^z^  with  the  straight 
line  s^a^  will  have  an  outer  mapping  radius  R*,  which  is  less  than  R/.  By 
choosing  the  points  z^  and  sufficiently  close  to  each  othsr,  we  may 
choose  a location  of  a^  and  z^  such  that  R*-R.  However,  we  decreased 
the  total  length  when  we  constructed  C7  from  C and  decreased  it  again  when 
we  constructed  Gu  from  C7,  so  that  we  obtained  ^(L'7)  <£(L).  Since  we  have 
constructed  a new  curve  with  the  same  mapping  radius,  C#  is  eligible  for 
membership  in  the  family  of  curves  admitted  to  competition,  thus  introducing 
a contradiction  to  our  hypothesis  that  C is  a curve  whose  free  boundary  has 
a minimum  length.  It  can  be  seen  from  this  argument  that  the  ourve  having 
a minimum  length  must  belong  to  the  more  exclusive  sub-olass  of  curves  having 


convex  free  boundaries. 
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It  should  be  noticed  that  there  are  four  possibilities  for  the  fora 
of  the  extremum  curve;  they  are  listed  as  follows: 

1.  That  the  extremal  curve  degenerate  to  a segment  along  the  real  axis 
having  a length  greater  than  2 (i.e.,  a point  traces  a total  length  which 

is  greater  than  4)  end  containing  the  segment  [-1,1]  (shown  in  fig.  la). 

2.  That  the  extremal  curve  completely  surrounds  [-1,1],  and  no  point 
of  this  interval  lies  on  the  boundary  C (Fig.  lb). 

3.  That  not  all  but  only  a part  of  [-1,1]  lies  on  C (Fig.  le). 

4.  That  the  entire  interval  be  a part  of  C (Fig.  Id). 

Let  us  consider  the  first  of  these  situations.  If  the  extremal  curve 
has  this  sort  of  shape,  we  may  apply  a variation  of  Hadamard.  Let  us  choose 
a point  on  this  segment  and  in  an  interval  [xq-o(,xo+<X  ] which  surrounds 
xq  apply  a variation  function  p(x),  constructed  so  that  p(x)  - 0 at  all 
points  outside  the  interval  and  so  that  p (x)  is  negative  inside  the  interval; 
apply  this  variation  to  the  upper  branch  of  the  segment  and  let  p(x)  • 0 
throughout  the  lower  branch.  In  view  of  (2.2)  we  have  for  our  curve 
constructed  by  this  variation 
£ <*  0(6  ) 

However,  in  view  of  (2.3)  we  nave 

* V* 

if 

o 

resulting  in  a change  having  a magnitude  of  the  first  power  of  £ . We  have 
increased  the  logarithmic  capacity  by  this  variation,  but  we  may  decrease 
it  to  its  original  value  by  removing  part  of  the  end  of  this  segment;  we 
must,  however,  shorten  this  segment  by  a multiple  of  the  first  power  of  6 in 
order  to  accomplish  this  result.  Thus  we  have  constructed  a new  curve  also 


3 6.2  . . 


eligible  for  members hip  in  our  class  of  oompeting  curves  by  applying  two 
operations.  The  first  operation  lengthened  the  curve  by  o(e  ) while  the 
second  reduced  its  length  by  accord ing  to  the  first  power  of  e . By  ohooslng 
€ sufficiently  small,  we  may  make  this  newly  oonstruoted  curve  have  a length 
which  is  less  than  that  of  the  original,  thus  contradicting  our  hypothesis 
that  this  segment  solves  the  minimum  problem. 

Ve  shall  postpone  our  discussion  of  Cases  2,  3,  and  U until  we  have 
constructed  a certain  auxiliary  conformal  mapping  function  q(a). 

We  shall  new  construct  a Schiffer  variation  of  a form  that  is  consistent 
with  the  constraints  of  our  problem.  Let  zq  be  a sequence  of  points  in  the 

domain  D such  that  they  have  a limit  point  sQ.  I*et  us  denote  a point  in  a 

* 

domain  of  comparison  0 by  the  relation 

oo  a> 


(5.1) 


a - z + 


n-l  Z Za  n-l  *‘*n 


We  have  here  an  expression  defined  in  a neighborhood  of  0, 
n-  1,2, .. .,  odj  we  are,  of  course,  obliged  to  reatrlot  ourselves  to  such  values 
of  suoh  that  these  sums  are  convergent.  This  transformation  retains  the 
real  axis  and,  in  particular,  transforms  the  segment  [-1,1]  into  another 
real  segment.  This  transformation  will  leave  this  segment  totally  invariant 
if  we  add  the  constraints 

(5.2)  Tlf-  + 7^  - 2 Re  e1<?2_L  jfJ-  - ^(feJ  - 0 

n - 1 1 *n  n^i  n-ll8n  1 n 


(5.20  e*£  ^ ^ - 2 ■«.  - 0 

n-l  n n-l  n n-l  n 

We  now  develop  a formula  for  Jt  with  our  extended  Schiffer  variation? 
differentiation  of  (5.l)  yields 
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*>  *■  L1  6 M z-zn 


* * * m 

(d«_)2  i da_  dz_  „ ify2-' 
ld8;  ds  da  1 * A-* 


n-1  (»-*  ) 
n 


> _ OP  4 

s - •■**z:  7^*3 

n-l  (z-z) 
n 


- (.•*»  f*  0^-5  ♦ el<fi  -r^j)  * oU  ) 

n-l  (z-*_)2  n-l  (z-z  ) 


- 1-2  Re  e 


*£  ^ 


-1  (z-z  ) (z-z  )' 


:3+  o(€  ) 


- 1-  B.  «J— ‘-a  * 

d”  ■T^T0  W-I  ) (w  )2 


integration  of  both  sides  produces 

(5.3)  Re  e^ en  (t— 


^2  + 7‘^2)ds  + o(e)  , 

z)  Vz -a) 

o o 


where  we  let  € - sax  & . 

n 


Each  step  in  the  derivation  of  in  Section  3 is  valid  until  we 
obtain  an  equation  which  must  be  modified  to  the  following  fora: 

/ - ^ + Be  ei<?  2T1  ^ Cp# * " p# » 

n^l  r 

where  in  this  extended  problea  P must  consist  of  a set  of  oircles  small 

enough  to  surround  exclusively  all  z 'a  and  z ’a.  We  have  as  a result 

n & 

(5-4)  S*  • y + R®  «i<P£BP'(*n)2  * •~1*€BP/(«^)20"(*|1)  + o(€  * 

- T+  Re2Itei<P€nP/(sn)2«r(zn)  + e"icp6ttp'(In)2<r(itt)]+o(6  ) 

n-l 

- * Re  e1^  y°'_  £n[p'(zn)2  + P'^)2  ^l*n)l+  ©( £• ) , 

B • 1 


1V-U-- -=^  • ■ ^5-=-  ?-,*  Piv 


'•"'i 


_ « 


where  (fit)  is  a function  defined  such  that 
fit)  - 1 , t£D, 

<T(t)  - 0 , t€D  . 

A necessary  condition  that  a minisum  to  our  problem  exist  is  that  the 
functional 


* t * . MO  f,(fiB) 

3-  Kl  - Km  ■ \z--  ^j-V^ 


have  the  property  that 

- 0 for  en  «=  0 (n»l,2,...) 


Therefore,  we  have 
(5.5)  Be 


, . f ds  C ds— 


- He  [[ei^>/\1(p^(*n)a<f(*n)  + p/(«n)2  cr(*n)]  + ^“  + j^-31 


n- 1,2, . ..,  oo  . 


Since  cp  is  arbitrary,  we  obtain 


(5.6)  A-r  <P— ^-5  *f-r— *-5]-  A,  (p'(»_)2  <r(«  ) * p'(I  )2  r(I  )1 

A 1 

- 0 


l-s  1+2 

n n 


/ 2 — 2 

Ve  note  that  both  p{z)  and  p/(z)  have  expansions  in  l/z  and  we 


oonelude  that  this  is  an  analytic  expression  in  z which  vanishes  for  z - s 


Since  it  vanishes  at  all  points  of  this  set  aQ,  which  has  a limit  point,  it 
oust  vanish  everywhere  [30].  W * note  also  that 

■■  i ■ m m.  + J*-  + + 1 

-z_  z z_ 


n s_ 


1+*n  ZE  *n  z2 
n 


• t-h 

few 
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but  since  none  of  the  other  terns  of  (5.6)  have  terms  in  l/z  in  their 

n 

expansion,  we  conclude  that  A2“"A**  He  have,  finally,  for  all  t in  the 
complex  plane 

f ds  F ds  5 — _ x 

5 ' 


complex  plane 

(5.7)  XJJr—^  * Ar-1?)  - A.(p'(t)2(r(t)»p/(t)2 ,r(t) * 

0 (*'tr  # (z’t)  i-t2 


where  Ay  * 2 A9  ■ -2  A- . 


'4 

How  if  A were  tc  vanish,  (5*7)  would' assume  the  form 
o ; \ 


AjCp'Ct)2  (T(t)  + p/(t)2<r(t)]+ 


i-t 


- <T 


Since  these  are  analytic  functions  in  t we  may  integrate  this  equation  around 

a contour  X1  which  encloses  a sub-arc  of  the  free  boundary  L;  let  J1  intersect 

L at  points  z^  and  *2  end  enclose  a region  A,  which  consists  partly  of  a 

portion  of  D and  partly  of  a portion  of  D.  Since  p'(t)2 <r(t ) is  an  analytic 

function  in  T+A  and  A+P  contains  neither  1 nor  -1,  and  since  p'(t)<r(t) 

is  analytic  in  D,  we  have 
*2 

U(*2)  - X1  f p'(t)2dt  - - 
*1 

This  shows  that  U(z2)  18  6X1  analytic  function  that  vanishes  on  the  open 
free  boundary.  In  view  of  the  principles  of  analytic  continuation,  we  have 
the  absurd  result 


J 


p'(t)2  dt  ♦ A 


£ 0(t)  « Axp'(t)2  =o  . 

Thus  X /0,  and  we  may  introduce 


It  will  be  helpful  in  our  investigation  to  construct  a function  r(z) 
having  the  property  that 

r"(s)  - Ap'(*)2 

for  z€D.  Toward  this  goal  we  write  (5.7)  in  the  form 
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(5.7') 


I *-5  + / -T-4^  " Atp'O^  + p'ft)2  f^)3  + “Li2 

^ (z-t)2  / (z-t)2  1-t2 


where  t is  in  D and  where  A#  - A,/Ao*  Integration  of  (5.70  with 

4 ° 

respect  to  t yields 

A /tp'(t)2*  <r(t)p'(t)2jit*  x'  J -4tj-  f i<f — 
o * i-t  x J <»-* r i (.- 


( l <-*)2  J («-t)2 


Integration  with  respect  to  H produces 

t,  U t2  0 

A4  /*  m A 


A/2/tp'<t)2*P'(*,2]dtda*A'  / ,[^2  ' /”<|[i^'^>ls.)dn 

^1  PQ  “1  O ^1 


* - 'i5?T7)a',?ta  • 

*i  0 

Here  t^  and  tg  are  points  in  D.  Let  ▼Q»^»  w^,  and  w2  denote  points  of  D; 


then  we  obtain 

t,  0 
. r 2 r 


A f J - A f J1  p'(t)2dt  du+ A J f p'(t)2dtdw 
h "o  Vt  4 D0  "1  T0 

1 o 10  10  / 


t U 


. r2  r'l^-  f2  f f2  f 


Wo  r _ ds_dtdu 


It  may  be  inferred  that 
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n2  p 5 p2  C 3a  dn  7 2 />  ds  dv  }z  p ds-du  ?2  r dsdv 

/ /Wat*  f <W-  / fc*-‘  f ^^--/  /• 
bj  »Q  4 C W1  ° ° 4 ztC  U°  »i  *tC 


U 


A/2 / p'(t)2dt*  <vV/d£*  (:2-V^  fjj**  (*2"’: 
*1  ®0  ° 

p2  f ds  du  ^2  n ds  dr  p2  « da  du  72  r dsdv 

i '*’■//  ■*••,1^7^ 

h i ti  *i 


r der  p da-  f da 

(-2-‘i7  zZr*  <,2*’i)  w*  (*2'*i’i^ 


-A*/  J ^(t,)p'(t}2dtdu  *A  f f p'Ct)2  dtav  -A'  f f ^ 

4 ”o  *1  To  \ <,  1_ 

“/Vs 


*5  V 

t\<-  n 


t U 

ft  <&  A 


dtdu 

i +2 

1-t 


*1  To 

has  the  desired  properly  that  r#/(z)»  Ap'(*)  • 

We  shall  find  It  a useful  maneuver  to  evaluate  11a  r(t9),  where  z, 

*2~**2  2 1 

and  Zj,  are  points  on  the  free  boundary  of  C.  This  is  most  easily  accomplished 

by  simultaneonaly  allowing  —>s^  and  «2— >»2  within  D.  We  shall  denote 

this  passage  to  the  limit  by  the  symbol  lim  . We  have 

c 

lim  r(t2)-  lim  r^w2^  " lin  r^2^ “ 0 " liMo 


V**2 


w_->z. 
2 2 


V”2 


We  shall  call  this  limit  simply  r(z2). 

When  no  singularities  are  involved,  this  passage  to  the  limit  becomes 

a simple  contour  Integral  around  a closed  path  X1.  is  z traces  I?,  z 

graces  its  reflected  image  In  D,  and  since  p'(t)  is  analytic  in  D,  a double 

Integration  an<r  passage  to  the  limit  nullifies  this  term.  The  same  result 

is  true  for  the  term  with  ^ 5 and  alr-o  the  integration  and  lim  performed 

1-t2  c 
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f dsz 

sec  s"Uo 


on  i„  s-u  * Otar  remaining  task  is  that  of  computing 


r<*2>  - U»„ 


2 * ds 

HJ  dv] 

8-V 


-“VWVV  > 


where 


‘i-  / 7 

*1  *1 


2 *2  ds. 


z-U 


do 


- /?  S 


dv 


W1  *1 


WY^-/7 

7 Z2  A *2 


2 Pi  da  dv 

— ■ a 


p 2 * 1 da^da  *2  *1  dg^dv 

J J «-U  ’ J J ” 

t_  a 

J 


^2  *2  dsgdu 

J Z“U 

h Z2 


^2  p2  ds^d t 

y / ”-  v 

*i  zi. 


where  all  integrations  are  taken  along  C in  a counter-clockwise  sense 
(Fig.  2a).  We  let  and  z£  be  the  endpoints  of  an  arc  of  length  p 
containing  the  point  z^  and  attach  a corresponding  meaning  to  z£,  z^,  and  z''. 

To  evaluate  Ip  we  may  pass  to  the  limit  without  obstructionj  since  it 
is  easily  verified  that  this  double  integral  is  absolutely  convergent;  we 


uajr  change  the  Order  of  integration  sid  write 


lia  I 
c 

1 • 


>-!t 

r zi 


z2  ds  dt 


z-t 


1 I ‘ A » 

where  P is  a closed  circuit  enclosing  the  arc  z^  z';  of  C and  passing  through 
z^  and  Zg  (Fig.  2b).  Hence 
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llac  X1  * 


*-‘2  n dtds 


47 


;t*  • 2vi(b'2-  aj) 


where  s2  is  equal  to  the  are  parameter  s at  z 2 and  s£  baa  a similar  meaning. 


sy  analogous  reasoning, 

z-z,' 


lim  I. 
e 2 


-/7~ 

»4'  r? 


b2  I5 


To  evaluate  1^  (Fig.  2e),  we  find  no  obstruction  in  aliening  \ and 


w2  to  approach  z2  within  D and  5,  respectively;  we  obtain 


*1  „*2  ds. 


n*  as. 


dt 


V>*2 


where  t traoes  a curve  in  E between  t^  and  a2  and  a continuation  of  this 
curve  in  D from  *2  to  w^.  In  view  of  the  convexity  and  rectifiability  of 


the  free  boundary,  we  are  justified  in  writing 


r 

l 


/a 


[logCz-t^)  - log(z-w 
-1  *! 

Since  convexity  implies  that  s(s)  is  of  bounded  variation, 


ClogU-tjl-  logtz-w^]  ^ ds 


- . *7  * t-  j.  z ' - t, 

*3  * V log  “V1  - •lf'i-  V log  'V1 


- »1)  io*  »!>  log  -^ri 


2 2 

/I  z-t  i pi  z-w.  i 

(z-tj)  log  —^-L  dz  + I (s-w.^  log  dz 

Z1  *1 

*1“  *1 

**  4a  waai4  +.«  mvm.h.m4 


(The  reader  should  note  that  lo<r 


concisely,  log  (z£-  tj)-l.) 


We  let  p and  (w^-t^j  be  ao  small  that 

IS  I *l»i-  V (1°g  K-%1  dog  i’.ji  til  *i*2ir) 

*\f  |«-t1|(log  |,^  ti!  + 2TT*  l)daj  + |j  |Ml|  (log  3 * 2">*i 


Now  since  log  x< 


<2x*^2-  2 *c  2x1/^2 , for  sufficiently  small  o 


we  have  log  . J"  ; < iTF>  *0T  a along  the. closed  arc  z'z'  . Thus 

,a“ai>  12 

li*0\13\<  2|z*-  *i|(2|s£-  *1|"1/,2  + 2'rT^  + 2|*^aU2|ai-z1|"l/2+3‘ir) 

♦2|^2(l*-*1|l/2*3,n|*-*1j)|dt| 

-e:  8p^2  + |2rrp  + 2 J (p1//2  + 3TT jO  )|  | dz  | -C  3G™2?2  , 

since  a corresponding  result  also  holds  for  I., 

4 

llmo|p{t2)-Ii|  - |r(a2)-ll«0  ij  ^ 721T2  p^2 

This  result  must  also  hold  for  the  limiting  case  p-^Oj  hence  for  zeC, 

Z2  / * 

r(zg)  - -2TTi(s2-  3^  ■ A f f p'(t)2dtdv 

4 yo 

for  all  z on  the  free  boundary  L.  We  may  deduce  immediately  tint  A cannot 
vanish  and  that  we  may  use  it  lreely  in  either  the  numerator  or  denominator 
of  an  expression. 

Since  p(z)  is  an  analytic  funotion  of  z in  D,  save  for  a logarithmic 
pole  at  infinity,  we  have 
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W&V tffitt WSNWT'-*  f • ■■  •:  ''■■■  •'  ?**  v*;  f 


rill  . - A . 
2-rri  2tt  i 


JJ  p'(z)2dzdz  - R(p) 


where  H(p)  represents  an  ana  lytic  function  of  p in  D.  Let  us  now  recall  the 
definition  of  the  Green's  function  g(a)  and  ita  analytic  extension  p(z); 
we  deduce  that  the  iaage  of  C in  the  p- plane  in  the  imaginary  axis.  We 
also  note  that  for  z on  the  free  boundary}  R(p)  is  equal  to  the  real  quantity  s. 
How  let  (X  denote  an  arc  of  the  extremal  free  boundary  and  let  2 denote  a 
region  containing  CX  along  with  parts  of  D and  D,  hawing  ot  as  their  common 
boundary.  Then,  In  view  of  the  Schwarz  principle  of  reflection,  we  may 
define  R(p)  as  an  analytic  function  of  p for  all  b£H.  If  we  write 

E(p)  & *p  . 


R/(p)  * 2^1  P'(*'d*)*'(p) 


R,,(pj  _ “-!£ 
FTpT 


z'(p)* 


27Ti  R'(p] 


Whence  finally  we  hare 


(5.8) 


■(p)  ■ ■'<?)$$  - ^iV<p) 


He*  R*(p)  and  R,(p)  are  both  analytic  functions  of  p for  zeH,  and  since 
this  is  a linear  equation  in  z,  it  is  solvable  uniquely  for  z as  an  analytic 
function  of  p at  all  points  corresponding  to  zeH  ([6],  [181)  except  about 
the  point?  corresponding  to  the  zeros  of  R'(p).  These  zeros,  however,  are 
isolated  points;  hence,  if  pQ  is  a zero  of  R'(p)  which  lies  on  the  image  of  cX 
in  the  p-plane,  there  is  some  deleted  neighborhood  Nq  of  pQ  on  the  image 
of  where  z is  an  analytic  function  of  p.  Let  p^  and  p^  be  any  two  points 
in  this  neighborhood.  Let  ns  now  write  (5.8)  in  the  form 


a *?  ■*-•?;  ■'  ■ -vr 


r.. 
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Integration  between  the  Units  and  yields  for  the  left  side  of  (5.8) 

R'(p2) 

lo8FTi*T  + 0 > 

0 * 108  FQ  • 

How  at  all  points  p£NQ,  z is  an  analytic  function  of  p,  which  is  purely 
imaginary  on  <X  . Hence,  it  is  an  analytic  function  of  ih,  where  h is  a real 
parameter,  and  the  are  corresponding  to  in  the  z- plane  is  analytic.  Thus 

Ida  da- 


at  P*Pjj,  R '(pg)*  |dz  dp-^p  the  ^^sgration  side  of  (5. 8')  becomes 


simply 


d*(po^  d, 

0+108  “ds"  -C+ia?8S1 


P2 


This  expression  remains  bounded  for  any  location  of  p_,  even  near  p . Since 

* o 

P0  is  a zero  of  the  analytic  function  R'(p),  R'(p)  is  expressible  in  the  form 

R'Xp)  • (p-po)nf(p)  ; 

here  a is  a natural  number  and  f(p)  / 0.  However,  the  Integrated  right-hand 
side  of  (5 .80  is 

?2  dp 


1 P*  dp  i **  dp 

2TTi  I R'(pJ  “ 2-rri  / (p-pQ)f(p) 


Since  pQ  is  a pole  of  this  integral  expression,  we  can  make  the  absolute 
value  as  large  as  desired  by  bringing  p„  sufficiently  near  pQ;  this,  however, 
is  a contradiction  of  the  result  concerning  the  integral  of  the  left  of  (5,8y)$ 
hence  the  cnly  other  alternative  is  that  z be  solvable  at  any  point  ca  the 
boundary  as  an  analytic  function  of  p.  Consequently,  on  the  boundary  z is 
an  analytic  function  of  a real  parameter,  and  any  sub-arc  of  the  free  boundary 
is  an  analytic  arc.  Therefore,  the  formal  processes  which  follow  are 
adequately  justified. 


war,g]rrw"'" 


M 1 TT*iit 


With  proper  choice  of  the  limits  of  Integration  we  may  write 
r(s)  » -2rris 

for  s€L.  On  differentiating  with  respect  to  z,  we  have 


r'U)  - 
" 2TTi  * * 


Let  us  now  denote  -(r/(z))/(2TTi)  by  q(z)  and  examine  the  oonformal 
mapping  properties  of  this  function.  We  may  infer  that  the  free  boundary 
is  mapped  onto  an  arc  of  the  unit  circle,  it  an  earlier  time  we  mentioned 
In  this  section  that  there  were  four  possible  forms  that  the  extremal  curve 
could  assume.  If  C has  the  form  mentioned  in  Case  2 , the  image  of  C in  the 
q- plane  must  be  the  unit  circle , whose  boundary  is  traced  exactly  once  in 
a clockwise  sense  as  z traces  C in  a counter-closckwise  sense.  Since  q(z) 
is  an  Integral  of  a constant  multiple  of  p'(z),  it  has  an  expansion  about 
infinity  form 


ai  *3 

* , + « + ••• 
o z z 

Thus  the  image  of  the  point  at  infinity  in  the  z- plane  is  located  in  the 
interior  of  the  image  curve  in  the  q- plane . The  region  D ia  mapped  by  q 
onto  the  interior  of  the  unit  circle.  We  may  conclude  from  ihs  conformal 
mapping  properties  of  q,  which  were  discussed  Section  2L  that  the  extremal 
carve  is  a circle  of  radius  R,  which  completely  encloses  the  segment  [-1,1], 
This  case  is  certainly  impossible  if  R^l.  In  the  event  that  R "5^1,  let 
us  set 


We  shall  see  the  significance  of  this  substitution  in  the  discussion  which 
follows.  Let  us  map  the  exterior  of  the  unit  circle  onto  the  exterior  of 
the  configuration  consisting  of  the  segment  [-1,1],  and  the  circular  arc 
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having  as  its  center  the  coordinates  0,  cot  3 and  having  a radius 
such  that  the  points  at  infinity  correspond  to  each  other.  This  configuration 
is  sapped  onto  a wsdge  by  the  mapping  z-l/z+1  with  the  segment  corresponding 
to  the  negative  real  axis  and  the  arc  corresponding  to  the  radios  vector 
in  the  direction  e^.  Multiplication  by  e ^ makes  the  arc  correspond  to 
the  positive  real  axis.  The  napping  h*  (e-i^  m^g  exterior 

of  this  arc  and  segment  onto  the  lover  half  plane.  The  unit  circle  is 
mapped  onto  the  lover  half  plane,  so  that  e***  corresponds  to  the  origin 


and  e 


-ic* 


corresponds  to  the  point  at  infinity  by  the  transformation 
i <x 


“iv*  'O 

e **  • The  point  at  infinity  in  the  z- plana  will  correspond  to  the 


_£L 


point  at  infinity  in  the  ^ -plane  if  c*  ” TT+fS  * Thus  the  mapping  from 
the  y -plane  to  the  z- plane  is  accomplished  by 


W* 

J 


The  mapping  radius  of  this  transformation  is  given  by 


lim  « lim 

9 -wo  ' £-*00 


-1/S.Tl  ±@2 

c TT+/S  A 1 f+J 

ytl-  (!  + #■>  (l*:f>  a~Y~ 


(1*4>  sin  — 


- E 


1 + f= 


We  have,  however, 

R - 


(l  + "Tf)  sin 


JL 


(1  + -^)  sin 
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Bat  the  length  of  the  circular  arc  of  the  configuration  which  we  have 
just  shown  to  have  an  outer  mapping  radius  B is  . We  have 


* flin'jS 


2Tr( 


1-  2TT(l-^r) 


TT 


}-* 


JLJL. 


Sln<S  (l--^)sin(3  (l  + r^)slnp 


2TTB 


This  circular  arc,  however,  is  eligible  for  membership  in  the  family 
of  free  boundaries  admitted  to  competition  for  solution  of  the  extremal 
problem  and  has  a length  less  than  that  of  the  circumference  of  the  circle 
of  radius  B,  and  consequently  this  circle  cannot  be  a solution  to  our 
minimum  problem. 

Let  os  now  examine  the  macnor  in  which  q maps  the  fixed  boundary.  We 


have 


which  is  a purely  imaginary  quantity.  Hence  qCz),  which  has  the  form 


2TT1 


/ 


2 

p7(z)  dz,  must  map  the  fixed  boundary  into  a segment  parallel  to  the 


imaginary  axis,  which,  of  course,  must  intersect  the  unit  circle.  In 
view  of  the  geometry  of  this  mapping,  we  conclude  that  the  tangent  vector 
is  discontinuous  at  the  points  of  contact  of  the  fixed  boundary  with  the 
free  boundary  and  that  the  limit  of  the  argument  of  the  tangent  vector  of  the 
free  boundary  as  it  approaches  one  point  of  contact  must  be  the  negative 


of  that  at  the  other  point  of  contact. 


With  this  last  fact  in  mind,  let  us  consider  the  appearance  of  a 
possible  extremal  curve  which  satisfies  the  conditions  specified  in  the 
third  possible  case.  Let  us  suppose  that  our  extremal  problem  is  solved 
by  a curve  C having  a fixed  boundary  which  does  not  consist  of  the  entire 
segment  [-1,1].  If  the  free  boundary  does  not  intersect  the  fixed  boundary 
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at  1 or  -1,  since  it  is  convex  it  must  enclose  the  ends  cf  this  segment. 

4s  we  traoe  the  point  z around  the  free  boundary,  we  see  that  the  tangent 
vector  must  assume  certain  values  twice.  Hence  q performs  a mapping  of  0 

onto  the  complete  unit  oircle  and  a chord  parallel  to  the  imaginary  axis, 

* 

where  the  chord  separates  the  circle  into  an  arc  which  is  traced  once  and 
an  arc  which  is  traced  twice.  We  may  say  with  different  wording  that  as  s 
traces  C,  q traces  two  dosed  oircuits,  one  of  them  being  the  complete  unit 
oircle  and  the  other  being  a crescent-shaped  circuit  formed  by  the 
circular  arc  and  chord. 

According  to  the  argument  principle  [22 1,  the  number  of  times  q(s) 
assumes  a certain  value  wq  is  given  by 


2TTi  J q(z}-  w 


where  the  integration  is  taken  around  G in  a clockwise  sense.  But  this 
Integral  is  equivalent  to  the  following  counter-clockwise  integration 
around  the  image  curve  C In  the  q- plane* 

-1_  f Jo. 


By  the  residue  theorem  this  integral  is  equal  to  2 if  wQ  is  inside  J?  , 
since  wq  is  a point  enclosed  in  two  complete  circuits  equal  to  1 if  wq  is 
inside  the  unit  circle  but  outside  J?  , and  0 otherwise.  Wa  notice 

q 

especially  that  certain  values  are  assumed  twice.  This  means  that  q(z) 
must  have  a branch  point  for  a certai  z£D  such  that  <i'(z)«0.  ThiSj 
t implies  that  p'(z)*0,  meaning,  of  ccnirse,  that  the  derivative  of  Green'e 


function  along  the  normal  of  the  level  curve  must  vanish.  This  situation, 
however,  is  impossible  as  is  shown  in  texts  on  potential  theory  and  conformal 


.V 


- 48  - 


mapping  ([17]  and  [29]).  We  are  able  to  conclude  from  this  argument  that 
the  extremal  curve  must  satisfy  Case  4- 


Under  the  condition  the  image  of  the  extremal  curve  mu3t  be  composed 


of  a circular  arc  and  a segment  parallel  to  the  imaginary  axis  and  is  traced 
exactly  once  in  a clockwise  sense  as  C is  traced  in  a counter-clockwise 
sense.  The  number  of  times  that  q assumes  a value  w is  as  before 

- f-do- 


zrrijJ  q-*0 
q 


This  integral  is  equal  to  1 if  wq  is  inside  C^,  and  0 otherwise.  Hence, 


each  value  corresponding  to  a q(z)  for  z£D  is  assumed  exactly  once  and 
the  mapp? or  of  D by  q(z)  onto  the  q- plane  is  Schlicht. 

Let  2 p denote  the  angle  subtended  by  the  image  of  the  fixed  boundary 
in  the  q- plane . ( is  also  the  angle  which  the  tangent  vector  to  the 

free  boundary  makes  with  the  real  axis  at  the  point  of  contact  with  the  fixed 
boundary.)  On  the  fixed  boundary  q is  expressible  in  the  fora 
q(z)  - cos  |5  + iv 

where  v is  a real  function  of  the  position  on  the  imaginary  axis.  Since 
q(z)  has  at  infinity  an  expansion 

«<*>  - ■ 


we  have  as  a result  of  the  residue  theorem 
a x 


(5.9) 


J q(a)dz  * 2TTi(-  j^)  “A 


But  this  contour  integration  can  be  expressed  as  the  sum  of  an  integral  1^ 
over  the  fixed  boundary,  C-L,  and  an  integral  Ig  over  the  free  boundary  L.  * 


We  have 
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+ iv)dz  • 2 


h ' f (cos  I3 

0-L  1 

Ig-^zda  - Jds  - i 


008 


P*1/ 

-I 


v(x)dx 


L L 

Ftom  (5.9)  we  obtain  1 

(5.9/)  I^+  Ig  - 2 cos  |S  + i J'vdx  * l • \ 

-1 

Since  ijvdx  is  the  only  imaginary  term  in  this  equation,  it  most  vanish. 

Also  by  the  residue  theorem  we  have 

-a  Ai 


P o -a_  Ai 

■J*  ™ * 2TTi  • «o* 


The  portion  of  this  integral  over  the  fixed  boundary  we  designate  by 

1^  • f [cos2  |£5  - 2i  cos  |$v-  v^ldx  , 

-1 


which  must  be  equal  to  a real  constant  KL, , since  the  imaginary  part  vanishes. 

4- 

Over  the  free  boundary  we  have 


- J'  ?dz  • J'dz 


IFe  obtain  as  a result 


_ -1 

[«]  - -2  . 
1 


- 2 

(5.10)  aQ  - — - lia  q(z) 

Thus  the  point  at  infinity  is  mapped  by  q(z)  onto  the  real  axis. 

A drawing  which  shows  the  image  of  C in  the  q- plane  and  in  the  £ -plane 
is  shown  in  Pig.  3a  and  Fig.  3b,  respectively.  In  the  q- plane  the  fixed 
boundary  corresponds  to  a straight  line  parallel  to  the  imaginary  axis  and 
subtends  an  angle  ^ with  the  origin.  The  image  of  the  free  boundary  is  the 
arc  of  the  unit  circle.  Let  us  assume  that  the  fixed  boundary  maps  onto 
the  unit  circle,  with  e w corresponding  to  1 and  e corresponding  to  -1; 
these  points  correspond  to  e -V\nd.V,  respectively,  in  the  q- plane. 

It  should  be  noted  that  by  varying  our  fixed  mapping  radius  H,  wo  should 
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obtain  a one- parameter  family  of  extremal  curves.  Each  different  value  of  R 
should  produce  a certain  which  in  turn  depends  on  o(.  We  shall  subsequently 
determine  relations  between  these  three  parameters. 

Let  us  now  map  the  image  of  D in  the  q-p?ane  onto  the  upper  half 
plane.  This  operation  is  accomplished  in  the  following  three  steps  (See 


?ig.  4)* 

1.  The  q- plane  is  mapped  onto  a wedge  with  the  negative  real  axis 

corresponding  to  the  fixed  boundary  and  the  straight  line  oriented  in  the 

direction  |5  corresponding  to  the  free  boundary  z ■ 1 in  the  z- plane 

(or  e~^  in  the  q- plane)  corresponds  to  the  point-  at  infinity,  and  s»-l 

corresponds  to  the  origin.  The  mapping  is  accomplished  by 

i/J 

h - 

1 -id 

q-  e ^ 


2. 


h - -V*  , -I/  -a.: el/d 

h 2 e \ * -Ld 

q-  e ' 


rotates  the  fixed  boundary  so  that  it  corresponds  to  the  positive  .real  axis. 

3.  The  wedge  is  spread  apart  so  that  it  corresponds  to  the  upper- 
half-plane  by  the  transformation 

-4*  - 


where 


i-4 


am  4 mm  4a  Tl  4 m 4>Ua  4 a iwenruiH  Aftf/t  fVtA  nnnttn 

*uw  4.  UgAWU  WlAOS^WUMAUg  WV  am  »*•— ' 

1 w M 

half-plane  so  that  e corresponds  to  the  point  at  infinity  and  e 

igK  £ — 

corresponds  to  the  origin  by  a transformation  of  the  form  Ae  x , 

X-  e 

where  these  correspondences  hold  if  A is  any  positive  constant, 
q is  related  to  ^ by 
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(5.11) 

where 


. g,!*1  ({-t'1") 

-V  .1”)k  ’ 


q-  o 


y-  k<^+(5 


On  solving  for  q,  wo  have 

-K  i- 1 «) 

(5.11')  q ■ 


/-  iet\k  n i^"2’”^'/_  -iotvk 

tv-  a ) - Be ~.fl ,L_ 


-i-*-  i-*-  lc 

e ^-.^-B. *<*-•*) 

lc 

where  B Is  another  positive  parameter  equal  to  A . We  have 

_ a - Be 


a “ lim  q “ lim  q 
° f ~*ao  z —♦oo 


ii. 

1 2 1 2 

e - Be 


However,  we  learned  from  (5.10)  that  a is  real;  ihiB  can  only  occur  if 

o 


B*l.  We  have,  finally, 


(5.12) 


-i-B- 
1 2 


-ioi\k 


(f  -elw)‘-  e * Cf-e’1*) 
On  differentiation  with  respect  to  ^ , we  obtain 

(5.13)  ■&-  - ^c-aln  <7-  air?,  fi  ( & - g.r.al— )k_ 

[e’1  2 ( f - eiw)k-  ( $ - e"iot)k]2 


z most  have  the  following  expansion  with  respeot  to  $ * 

J r/  8l 

Z - eA1°R^  + ^ + ... 

where  0 is  an  undetermined  constant  of  rototion  and  B is  positive. 
-eP(z)+iHo,  where  H is  also  a constant  of  rotation,  since 

- 

2 


But 


dz  2tt1 
from  which  we  obtain 


da  . rjl'.i a).  „ .-A_.  p/(z)2  . -Al  _£l_ 

2tt l p KZf  2"r  15 


TTfl 
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(5  i,)  -Si  . Ih  1 . li.  re  2 (g-e1")11-.  2 (■tf-.~U)kT2 

l5'U  d$  2ir  f2|a.  2ir  ^ sja  * <lB/S  ' 

as  the  differential  equation  which  defines  our  extremal  curve.  We  have  also 


(5.15) 

where 


l J 


Ky*  ifri  ■ A ai°‘ t 


A 


2kTT  sin  $<  sin  |8  ' 

by  an  algebraic  manipulation  let  us  write  (5.14)  In  the  form 

<5.140  ^ [.-lif<l- £)1,k(l- 2(1 -2-“*-  ♦ fj) 

i-v  ~i* 

♦.1»<i-Y> (i-v>  3 • 

This  equation,  when  expanded  about  infinity,  becomes 
(5.14*)  fb  - if  [e_li,(l-  (l*k)  ...)(1-  (1-k)  ®^r-  ...) 

-2(l-1^a*-^)‘.1,(l-  (l-k)  ®^...)(1-  (1-k)  . 

In  view  of  the  form  of  the  expansion  of  * in  terms  of  ?,  the  term  in  l/tf 

ds_ 

should  be  absent  when  expanding  d^*  j on, collecting  the  coefficients  of 

1 itf  in  (5.14*)  and  nullifying  this  sujfi,  we  obtain 

(5.16)  (l+k)cos(y  - o<)  + (l-k)eos(  cx)  - 2 cos  £*  - 0 , 

or  by  a trigonometric  rearrangement/we  have 

(5. 16')  cos  cos  & + k sin  ft  sin  cX  - cos  o<  . 

We  now  have  a method  for  evaluating  the  parameter  R and  a relation 
between  c*  and  To  beget  a method  for  evaluating  the  eonstaht  J\. 
which  is  related  to  the  Lagrange  multiplier,  we  use  the  following  version 
of  (5.14)* 


(5.14™)  ft. If 


“ 2+  e 


-iX  k 

.a  fa- 

„i*  k 

(i-V} 


i . 
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To  evaluate  dz  or  on  the  unit  circle  for  0 in  (-c*,oO,  we  make  the 

i0  10 

substitution  -e  , from  which  we  have  *ie  d0.  We  obtain  from  (5.14") 


(5.17)  £*-d$ 


sin  0<~  9 

~2^  (cos  0 - cos  0<)[e  ^(-e1* ^ g)^-  ?. 


. °<*Q  . 
sin  - k 


-sin 


°j--8 


) ld0 


It  should  be  noticed  that  the  relation  defined  by  (5.1l)  indicates  that 


-i«\k 


~r  , which  reduces  to  e 
, ^ i«*\k 

( £ - e ; 


«-  e 


on  the  unit  circle. 


perforins  a conformal  mapping  on  the  "t} -plane  such  that  a point  in  (-<x,<x), 
which  is  an  image  of  a fixed  boundary  point;  is  transformed  into  a point 
on  the  negative  real  axis.  On  substituting  the  values  of  k and  & , we  have 


k ..  -iUx*?*  1-4 

' ii?8-> 

sin  — — sin  2 


and  on  replacing  -1  by  e , this  expression  assumes  the  obviously  negative 


1 ...  ' 


for  values  of  © in  {-<x,(*},  (5.17/  becomes 


(5.17') 


sin*^2  v 


d*  - ~ (cos  0-cos*;U ^7~q~j  *z*\ , 0 

-I  v a<n 


) jaw  . 


f ! * 


This  expression  when  integrated  between  -o(  and  o<  must  result  in  the  length 
of  the  fixed  boundary,  which  is  equal  to  2.  Thus  -A.  is  defined  by  the 
relation 
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« 

(5. 18)  2 * ^ J (cos  0 - cob  o< )[ (ain  *r^)  (sin  +2 

-0*. 

+ (sin  ^J^)  (ain  a^®-)  189 

We  summarise  our  results  with 

Theorem  5.1.  Xhs  aslutlca  fl£  car  minimum  pcahlaa  la  daflaafl  by  iha 
differential  equation 

(5.14*")  (52-2£oos*  + 1)  [e"itf($- e1*)1^?- e_1°Tk- 2 

* 41? 

♦ei*fy-e~1*)k(&-e1*rk:) 

Tbs  family  Of  minimum  domains  dfiPfifldfi  PH  Only  CHS  parameter.  tMtfb  is 


defined  i&fcngh  si 
R,  fit  and  Ai 
(5.15)  R - 


in  ths  follow inff  equations  involving  lh§  constants 


(5.160 


R - A. sin2  -g- 

00s  ff  cos  o<  + k sin  ff  sin  c<  - cos  ex 


A 

(5-18)  2 ■ -j-  J (cos©  - cos  oO[(sin  ^jf®)k(sin  ^-^)  k + 2 


+ (sin  ^“®)k(sin  ^j^)  k]d0 

IB  Zfifiall  that  ^-ik^-aii'^  sin  (5  » k"  X*  4*  » V m k * + f * 

The  procedure  for  solving  (5.14)  is  to  solve  first  (5*16)  for  (X  and 
p , one  or  which  can  be  specified  arbitrarily,  determine  A from  (5.18), 
and  then  integrate  (5.14)  along  the  unit  circle  to  determine  c set  of 
points  on  the  minimum  curve. 

Substitution  of  /3  ■ 0 in  (5.16)  yields  the  equation 
2-2  cos  & ■ 0 , 

whose  solution  is  - 0.  Substitution  of  ^ «"TT  gives  the  result 


a«w*«3SBWM-  •.TJ-W— T « 
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cos  (TT - pO  + cos  (TT  + o< ) ■ 2 cos 
-2  cos  ^ ■ 2 cos  # 


<X  - TT/2 

For  »'TT/2,  (5.16)  becomes 

2 00s  (“  - + j 003 (■j?"  + ^0  “ 2 008  <*  > 

| sim*  - g sin  " 2"  4 sin2  ; 

but 

sin  ^2^  ” 3 sin  2^  - 4 a In3  ; 
hence  «e  have 

3 sin  - 3 sin  ^*+  4 sin3  **  4-  8 Bin2  ■up 


sin3  + 2 sin2  ^ - 1 - 0 
(iiin  ^ + l)  (sin2  + sin  ^ 
.inf -iLfS’-  .613  , 

f ftl  37.5°  V <W75°  - 


- 0 


y 


To  determine  & we  may  write  (5.90  in  the  form 

(5.19)  2 cos/S  + ^ - 2(i-  Tr  sin  o<  sinytf  A 

When  l$-*TT  we  have 

-2  + i = 0 , 

i - 2 . 

This  shows  that  in  this  case  C has  degenerated  to  a slit  and  that  the  free 
boundary  coincides  with  the  fixed  boundary.  This  result  is  consistent  with 
geometrical  intuition. 
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Another  interesting  limiting  case  is  when  the  outer  mapping  radios 
becomes  increasingly  large i the  fixed  boundary  becomes  less  and  less 
significant  and  geometrical  intuition  tells  us  that  the  extremal  curve 
should  resemble  a circle.  We  now  consider  the  ratio  Jtf\ R as  ->0,  (3—^0. 
To  evaluate  this  limit  it  will  be  neoessary  to  first  compute  the  limit 

ISM 

0 sin  2 

which  we  wri*e  in  the  form 


II®  ( 


sin  c*  wsin/^x 


>0  sin 


2 JC.  ,vsin* 


and  then  consider  the  limit 

1 4-  fltBPV 


sin 


We  write  (5.16')  as 


which  becomes 


k sin  tf  sin  0<  ■ co3©<(l-  cosy) 


k sin  -fr  cos  ^ sin  o<  - cos  <*  sin 


Solving  for  ain  ? we  have 


sinT 


Bind  cos  o< 

, y . * 

a4n  V ftna  iL 


on  passing  to  the  limit  this  expression  becomes  unity.  To  evaluate 
we  differentiate  numerator  and  djnominator  wi^Ii  respeot  to  c 
and  obtain 

008  <g  a% 

COS  Oi 


I 
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Thi3  limit  must  be  equal  to  lim  . To  compute  4-4-  we 

^->0  d*  d* 


differentiate  (5.160  with  respect  to  o(,  obtaining 


-sin  Q cos  <*[l- + f£l-  cos#  sin* 

- rr  sin  sin  <*  +k  cos  y sin  c*tl-  4*  # Sfr  + ^ 3 


♦ k sin  * cos  o<  ■ -sin  ex 


We  divide  both  sides  of  this  expression  by  sin  -j£-  and  recall 


Ua  SiA  j’  - 2 and  lia  - 1 and  obtain 

o<~>0  sin  g (/->0  sin  j 


li®  d*'  “ 1 5 

<*-»0  d<* 


hence  we  have,  finally, 


lim  gin^  ala/?  . x . 

sin2  ^ 


To  compute  we  write  (5. id  in  the  form 


♦ i - zvrr  aiis£JliMl  , 


and  on  passing  to  the  limit  w<j  have 


lim  "jr  - 2TTT  j 
R-*od 


this  result  is  also  consistent  with  geometrical  intuition. 


L IfVa  TTn  a A P>  U«  w M ■*> U 3 _ ^ J J _ « TJ.. 

V • *yuim^upfl  mi-  i.y  U^uuy  'iHium  4’Jgg 


Frableaa 


| Problems  of ^ the  type  which  were  discussed  in  the  previous  section  are 
of  special  interest  to  the  mathematician.  Problems  which  are  of  more 


interest  to  the  hydrodynamic  1st  are  those  which  involve  virtual  mass.  First, 


we  return  to  the  variational  equivalent  of  the  hydrodynamical  problem  of 
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the  bubble  with  surface  tension,  and  having  internal  gases  with  such 
compensating  pressures  as  to  lead  to  condition  (1.5).  From  the  variational 
point  of  view,  we  wish  to  consider  the  problem  of  extremizing  the  constant 
a when  the  length  of  C is  held  fixed.  We  recall  that  the  velocity 
potential  w has  the  expansion 


w - z 


+ *-  + 


here  the  constant  a is  equal  to  the  real  part  of  <X . We  shall  show 

2 / 

that  it  is  sufficient  to  minimize  the  dimensionless  ratio  Jt  /a. 

We  note  that  we  may  also  formulate  this  problem  by  fixing  a value 
for  a and  minimizing  the  length  Jt . Since  our  result  should  not  depend  on 
the  scale  which  we  select  for  our  unit,  we  should  be  able  to  magnify  the 
length  of  a curve  by  a factor  d and  also  magnify  our  flow  by  the  same 
factor  and  obtain  an  extremal  curve  of  the  same  shape.  Let  us  make 
the  change  of  variable 

Z • dz  j 

then  the  complex  velocity  potential  is  given  by 

Z jot 

w " d + 3 + *•* 

Multiplying  the  velocity  of  the  flow  by  d we  obtain 


w - Z + “-^A 
1 Z / •••  » 

hence  the  constants  of  the  new  flow  which  correspond  to  <*  and  a are 

multiplied  by  d . Thus,  the  ratio  i Va  remains  invariant  no  matter  what 

we  choose  as  a scale,  and  we  may  consider  the  problem  of  minimizing  this 

functional.  If  we  let  £ represent  the  function  which  transforms  D onto  the 

eWtirior  of  the  unit  circle  so  that  the  points  at  infinity  correspond  to 

each  other,  't/  takes  the  form 

*1 

$ - Rz  + -a  + ... 


***  ^wwtm‘vr.#Kwm.  .wr^-s^rrt 
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We  may  fix  a convenient  scale  by  selecting  R-  1.  We  may  now  state  the 
problem: 

* 

Sind,  Mltelfi  tea  family  Of  Closed  rectifiable  gatYfig  C , ante  teat- 
# 

ths  region  0 associated  Kite  each  gf  these  curves  i§  napped  ante  j&e  salt 


circle  by  a. 


al 

t + f * 


A 

tea  anxxa  c,  lor  which  there  ia  a niuicua  value  / /*  far  tea  functional 

f2f a*. 

The  manner  in  which  we  proved  that  a solution  exists  and  that  the 

boundary  is  convex  and  analytic,  etc.,  in  Seotion  5 can  be  easily  extended 

to  apply  to  the  problem  just  stated  * We  shall  omit  repetition  of  these 

proofs  and  assume  that  the  same  formal  procedures  =fhich  »e  employed 

before  are  justified.  We  can  also  establish,  from  the  fact  that  a is 

a functional  which  grows  monotonlcally  with  ths  domain,  that  the  solution 

does  not  degenerate  to  a slit.  Henoe,  a / 0. 

For  a Sehiffer  variation  of  the  form 

* g.1* 

z - z + — *T” 


we  have  the  extremal  condition 


-d-  ( l*2\  . 2 dJL]  _ (jL-)2  dfl_ 

ac  K^rJ  m * * Je-Q-  ac 


] - 0 


inis  equation  becomes 

.*  A*  JL 

d-i_i  . dfi-i 
d6  €-0  2a#  d*  6-0 

Let  zQ  be  a point  of  D.  Since  the  velocity  potential  is  conformally 
invariant  we  have  for  z in  the  neighborhood  of  infinity 


■> 


• •'*  ■-  >-  'V  i'i — wi*?r:.^5 -fe-sjipe*** J"  <yry,is-.  car;;-  jejv* 


sV>v5T»*lJIC?!:'. y " •'TfV-  •! ^TWKrSS * ~*«3y 
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»<■>-*  + *.  - + i^+  ••• 

2 n fee  ^ 


2 + 


*_+ 


€eief 

■ 2 + -S  g—  + 


>(1-*) 


sh  + 


i«p 


- 2 + 


i?  o<* 

+ “7~  + ...  - w(s) 

S 


c<* 

- «+T  - ... 


thus  &*  * o<  + € e*^ 


da  - d* 

r~  " M - ' 

At  6 ■ 0 we  have 


dd  - «d r " *••' 


it? 


Re  e 


} 


r ds. 


(s-t)* 


Be 

2a 


Since  cf>  is  arbitrary,  this  can  be  written 

(6.1) 


<?  (z-t)2  2a 


For  aQ£D  »e  are  justified  in  integrating.  Under  the  integral  sign. 


from  which  we  have 


f 


'tZVu'**  • 

where  k la  a constant  of  integration. 


Let  us  define  f(t)  in  D to  be  the  integral  • *oT  t ln  the 


neighborhood  of  inifity  we  nay  write 


v 


lidu  y inm|i*Mii  t"  iinf  i ■■  ^pwn  W1  ra  il'll iKMW  i»  I n~  r imiiinmur  i ■<■ 


s 


%'s. 
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However,  the  function  k-  f (t)  is  one  which  vanishes  identically 
for  t€D.  Let  us  denote  this  function  by  q(t).  We  wish  to  examine  the 
mapping  properties  of  q(t)  for  teD. 

We  note  that  for  large  t,  q(t)  must  have  an  expansion  of  the  form 

+ y.  + J- 

2a  t *•*  » 

and  to  examine  its  mapping  properties  we  oust  evaluate 

q(a2)  - limq(t)]  , 

2 t-**2  tcD 

where  z2  represents  any  point  on  the  boundary  C.  Since  q(t)  vanishes 
for  z£  D,  we  have 

q(z9)  - limq(t)]  - lim  q(t)]  _ 

A t-»z2  t!Dt^2  ttD 

Let  us  now  evaluate  the  limit 


limf(t)]  - lin  f(t)]  - f(z  ) 
t-»*9  teD  t-ez,, 

4 


We  construct  the  integral 


ttD1  ° ttB1  ° 


-dta t- 
(z-t)2 


vhere  and  t^  are  points  of  D and  w^  and  w9  are  points  of  D.  On 
integrating  by  parts  we  have 

t — — a 

i2 


r^«- 


n- 


\ « 


dt 


and  passing  to  the  limit  tg— >z2,  *l" 

process  which  has  been  justified  in  Section  5,  we  obtain 


►Zp  w2 — rz2>  a formal 


11m 


>r(&-r  i&'-fj  «■-*"/“ 

t,  ztO  w,  zeC  ztC  ttr  z. 


- ~2’rriz2  + k1 


=5.*«^?o^-  v.  i ?J4*»r~T-K  ‘ ■ 


h-  •.v;,::'-"-'  '£*?’*- 
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where  k^  is  a constant  of  integration,  and  P is  a closed  contour,  enclosing 
the  arc  z^Zg  on  c an<}  intersecting  0 at  z,  and  z„.  Consequently,  we  have 
for  z€D 


f(»2) 


- 

* + V2^ 


where  kg  is  a constant.  We  obtain,  finally, 


(6.2)  q(=2>  - 2~n"i*2  + k 


where  k is  another  constant. 

We  see  from  (6.2)  and  the  convexity  of  C that  C is  napped  onto  a circle 
which  is  traced  once  in  a counter-clockwise  direction  as  C is  traced  in  a 
clockwise  direction.  In  view  of  the  form  of  the  expansion  of  q(z)  for 
2 CD,  we  note  that  the  point  at  infinity  in  the  z- plane  corresponds  to 
the  point  at  infinity  in  the  q- plane  j hence  there  are  points  of  D corresponding 
to  points  outside  the  unit  circle  in  the  q-plane.  But  because  of  the  reversal 
of  sense  in  which  the  image  of  C is  traced  in  the  q-plane,  there  are  also 
points  of  D corresponding  to  the  points  inside  the  circle  of  radius  2~vr  in  the 
q-plane.  Thus  by  the  mapping  q(s),  D is  mapped  onto  the  entire  q-plane, 
save  for  the  set  of  points  on  the  circle  corresponding  to  C.  We  note  that 
q(z)  has  one  pole  of  the  first  order  in  D,  located  at  infinity.  The 
difference  between  the  number  of  poles  of  q(z)  in  D and  the  number  of  times 


that  q(z)  assumes  a certain  value  w (denoted  by  If  ) for  z CD  is  given  by 


the  integral 


2TT 


7 <£ a-ilalda  . N _ H - i_  u 

1 J q(z}-w  to  w 11 


-C 


where  the  integration  is  taken  around  C in  a clockwise  sense.  But  this 
is  equal  to  the  Integral 


aat-tni-.-Hu  & .? 


§ S 


TSL 
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<£-ia— 

J a-  w 


2TTi  Jq-  w » 

o 

where  la  the  image  of  C in  the  q- plane  and  the  integration  is  in  the 
counter-clockwise  sense.  The  integral  is  equal  to  1 if  wq  is  in  the  region 
enclosed  by  end  zero  otherwise.  Hence,  q assumes  each  value  inside  the 
circle  twice  and  each  value  in  the  region  exterior  to  this  circle  only 
once.  Hence,  0 is  mapped  onto  the  q-plane  so  that  the  exterior  region  to 
C is  covered  once  and  the  interior  region  is  ccfered  twice.  With  'C 

q 

representing  the  mapping  of  D onto  the  exterior  of  the  unit  circle,  the 
image  of  B in  the  £ -plane  is  mapped  onto  the  region  bounded  by  3 in 
the  q-plane  so  that  q has  two  zeros  at  the  designated  points  z-*  a and  z»b. 
log  - q(z,  ®)  is  a harmonic  function  which  vanishes  on  the  boundary  C, 

where  the  constant  \ is  given  a value  such  that  the  logarithm  ie  terms 
cancel  at  infinity.  This  harmonic  function,  however,  has  negative  logarithmic 
poles  at  the  zeros  of  q(z) . However,  g(z,a)+g(z,b)  is  a harmonic  function 
having  the  samd* poles  and  boundary  values.  Hence,  in  view  of  the 
uniqueness  of  a solution  to  the  Dirichlet  problem,  we  must  have 

log  iaiiji  _ g(z>  qp)  , _[g(z,a)  + g(z,b)] 

Letting  A and  5 represent  the  respective  images  of  a and  b in  the  p -plane, 


we  have 


(l  „(y  ) . -A  v v»  r.»a  v-.q;.g  . 

*3;  (i-I?){l-S?) 

where  H is  a constant  of  rotation.  We  note  that  q'  (^)  has  the  form 

p.(*) 

q'($)  - r 21 9 

(1- A^)2(l-B^)2 

where  P^( is  a 4 n degree  polynomial  in  £ . 


log  fq(z)|  - log  X + log  | ^ | - log  | 4 j “ log  { ' 
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Let  us  now  exhibit  a relation  between  q ai~d  w . Remembering  the 


expansion 


we  hare 


q(t)  - £ + k+  4 ••• 


— (l-  26  ) 

2a  u t2  *•*' 


(1-^ 


“7  2a  (l"^2  •••* 

Integration  with  respect  to  t yields 
z , 1 


(t)dt  - ^ ~ * (z  + - . ../  - r(z) 


For  z £C  we  obtain  by  differentiating  (6.2)  with  respect  to  s 
q'(z)z  - 27T^  Viz  ) - 2 kz  , 
and  it  follows  that 

fq'{*T  - \ 2TT  k(z7  z 

z , 

Thus  r*  /fq'(t)  dt  is  a real  quantity  for  z£C.  The  same  is  also 

o / /*  1 

true  for  the  velocity  potential.  But  w(z)  is  regular  at 

infinity.  Its  imaginary  part  vanishes  on  the  boundary,  and  in  view  of  the 

maximum  principle  for  harmonic  functions  the  imaginary  part  of  r(z) -jf  w(s 

must  vanish  everywhere.  From  the  Cauchy-Riemann  equations  the  real  part 

HP 

of  r(z)-  f w(z)  must  be  a constant.  We  have  the  result 
(6.4)  r'(z)  - ^ q7zT  • ^j^w'U)  j 


this  shows,  incidentally,  that  </>  - a.  Thus 


>■*»■  «pwwms 


yry:-  - ^ <*r 


&;.■ ,:.  ’i'W"1 • •.?•..  .t  .v.'Wj!"'--  -w 


Since 
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q^z)  - ^ w'(z)2  ; 

^4-  di.  . X (Jl_)2(dJ£\2 
d^.  dz  2a  Mz  * 

(da.)  . i.  (.da.)2  /d*. 

Vd$'  2a  ^df;  'd^ 


* " * + ? 


» - Z + J ...  , 

and  because  of  the  napping  properties  of  w,  we  have 

* a?+i‘ 


(1-r2} 


Is.  m A J1Z.  m dt  Liz- IT/ 

d^  2a  q'<?)  2a  A ' r,  .7 


?,<*> 


n J\2 


*r  d-A^r(i-B^) 


If  T^-  were  to  vanish  at  a point  on  C,  there  would  be  a cusp  on  C 
at  such  a point,  thus  contradicting  the  results  we  have  established 
concerning  the  convexity  of  C.  Thus  has  no  zeros  on  C,  so  that  P^( 
must  take  the  form  jV(  ^2-  l)2,  where  -A.  is  a complex  constant. 


atmAi 


T v.  \2/*  ^ v\2 


1-  (I+B)?*^!2*  AAB  + B2)-^^  + 52I)tt3*I2B2S2 

r 

where  A.^  is  also  complex  constant.  But 


z ■ £ + 


Xf  •.. 


-da  - i-  ^ 


rf  ••• 


and  from  this  expression  we  conclude  that  the  term  in  is  absent  so  that 
Pb  + BA2  - 0 , 
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or  A«-B  and  consequently  A«-B.  Thus  (6.3)  has  the  form 


(6.5) 


q(£)  - A 


.2  k2y 


l-A2*2 


differentiation  yields 


q'(?)  “ 


»fflE-A2  + *2(3-A2  A2)-!2*^ 
(l-I2?2)2 


and  because  of  the  form  that  the  numerator  mast  invariably  have,  we  are 
led  to  the  result 

-I2  - -I2  , 

so  that  q/('^)  takes  the  form 

a-  i2  ?2)2 


Also,  because  of  the  required  form  of  the  numerator,  we  have 
2A2  - 3- A4 


whose  solution  is 


A2  - -3 

/ 2 \ 

(The  other  solution  A - 1 is  absurd.)  Thus 

Jia.  , a XltJfr2!2. 
d?  l2  ^4 

where  -A^  is  a complex  constant  which,  because  of  the  form  of  the  expansion 
of  z about  infinity,  must  be  equal  to  l/9.  We  conclude  that 


(6.6) 


JjL  . 


(1  ♦ 6 y2  ♦ 9^C4)  - 1 ♦ + -17 

3f2  9 t,U 


Integration  and  translation  yields,  finally, 


(6.7) 


2 1 

55  " ? " V*  “ 3 

27IJ 


*>'  xs-.  a#  ,»  »:■»*<  rn-^rr  ■ •v*- -■• . r-.  .v  v saw  vr.weapaMKS^^ 
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It  is  interesting  also  to  calculate  the  length  J&,  the  constant  a, 
ana  also  the  virtual  mass  U of  the  flow  about  C.  To  calculate  *4,  ire  write 

* - /idai  - / Id^l  i d*( 

c |?  1-1 


Since 


-da. 


2\2 


U*_!  „ i!3L  il1  . (i.*j  stilus?! 


ldty  i )‘d£ 


*\v 


(6.8) 


i - ^ fd  + 3e21  + 3e“210  + 9]d0  - ^ 


To  calculate  a we  write 


(6.9) 


a " Sfl  fwd*  " 27Ti 


|f  ♦£> #5: *?■ 

ip-i 


i?i-i 


from  which  we  conclude 

_ J&H- 
a 27 


(6.10) 


To  calculate  the  area  of  the  curve  C we  evaluate 


(6.1l)  A - 9 Re 


,?4 


- „2%2 


I?  1-1 


"2^  f (27?4-l8?3-  *)(9?4+6?2  + l)<|^ 

i?r-i 

* 4Sg  ®*  1 I ^24d‘  168 V “ 109^  + 162  ^2-  9V3-  18 $3  + 27^4)ie 
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In  vie?  of  the  expression 


we  obtain,  finally, 


(H+A) 


(6.12) 

We  summarize: 


«-«w. •*¥-»»). ajt  • 


Theorem  6.1.  Tjje  family  flf  curves  C*  satisfies  the  inequality 

£*2  > 80-rr2 

* ^ 27 


ihSUfi  equality  la  obtained  under  tha 


R- 1 by  ihe  traps  for- 


sstica 


(6.7) 


..-2.  . 

* 3rf  27 


(6.8) 

(6.9) 


Under  this  normalization  we  hare 

) e-7^  , 


A graph  of  the  extremal  curve  is  shown  in  Jig.  5.  The  curve  is 
flattened  along  the  real  axis  and  elongated  in  the  vertical  direction. 

One  may  observe  the  rising  bubbles  in  a newly  uncapped  bottle  of  champagne 
or  the  bubbles  of  boiling  water  in  a silex  coffee  container  and  see  that 
they  are  actually  flattened  in  the  direction  of  motion. 

Having  solved  the  problem  in  Section  5,  and  the  problem  at  the 
beginning  of  this  section,  we  wish  to  investigate  the  possibilities  of 
solving  very  general  free  boundary  problems.  The  problem  of  Section  5 
in  a more  general  form  would  be  that  of  seeking  a minimum  length  and  shape 
for  a free  boundary  when  there  is  a fixed  boundary  of  arbitrary  shape  in 
a class  of  curves,  each  member  of  which  has  the  same  outer  mapping  radius. 
One  may  also  generalize  the  problem  which  was  just  solved  in  this  section 


■—t  -T— '-rr-' ~.  /?■■*?■  '-t  ^:=*wSf*5W^!!<V5  * 
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by  adding  a fixed  boundary  in  the  formulation.  One  may  conceive  of  this 
problem  as  a generalization  of  the  f ollc« ing  physical  configuration: 
an  airfoil,  whose  profile  is  partly  rigid  and  consists  in  part  of  a canvas 
or  rubber  sheet,  moves  at  a uniform  velocity;  this  airfoil  is  inflated  so 
that  it  has  the  same  compensating .pressure  forces  as  in  the  first  problem 
in  this  section.  We  shall  again  restrict  ourselves  to  the  case  where  the 
fixed  boundary  is  a linear  segment.  We  formulate  the  problem  in  the 


following  manner: 


A*  CL)2 

Tq  minimize  ifce  ratio  “nT*"'  in  a family  of  closed  rectifiable 

* * * 
curves  C , where  a la  fixed  SQ  that  a point  la  a corresponding  region  D 

is  given  by  the  relation 

* „ . ai 

* • V £ •••  i 

aM  waasA  a linear  segment  lixad  ayaaetrlcally  along  iha  real  axis,  balonga 

r* 
to  D . 

" ■ I 

l,  n D,  and  Tf  have  the  same  meaning  as  in  the  previous  problems. 

We  generate  a one- parameter  family  of  extremal  curves  by  varying  the  length 
of  the  fixed  segment.  Ws  assume  that  the  free  stream  velocity  is  parallel 
to  the  x-axis.  We  may  establish  the  existence,  convexity,  analyticity, 
etc.,  of  the  free  boundary  and  also  the  fact  that  the  fixed  boundary  must 
consist  entirely  of  the  linear  segment,  in  a manner  very  similar  to  the 
one  in  which  we  established  these  proper  ties  in  Section  5.  In  each  of 
our  previous  problems  we  were  led  to  some  kind  of  condition  regarding  the 
symmetry  of  our  extremal  domain.  It  can  be  shown  that  the  extremal  curve 
for  this  extended  problem  must  be  symmetric  in  the  y-axis . We  shall  use 
this  result  in  order  to  simplify  our  construction  procedure.  The  technique 
which  has  played  the  leading  role  in  the  solution  of  our  problems  is  that 


of  constructing  the  function  which  we  designated  as  q and  of  examining 
its  conformal  mapping  properties.  This  function  moat  be  defined  and 
constructed  in  such  a way  that  we  can  ascertain  the  form  of  the  fixed  and 
free  boundaries.  For  the  problem  which  has  just  been  formulated  we  3hall 
see  that  it  is  convenient  to  define 

q * 2TTi  * 

ao 

By  the  same  calculations  which  we  performed  in  the  similar  problem  without 
the  fixed  boundary,  it  can  be  shown  that  this  function  differs  on  the  free 

jL 

bouriary  bgr  an  additive  constant  from  s,  and  by  proper  selection  of  zq 
this  additive  constant  can  be  made  to  vanish.  Because  of  the  integral 
form  of  the  function,  the  fixed  boundary  is  mapped  by  q onto  a segment 
parallel  to  the  imaginary  axis.  The  extremal  domain  is  mapped  onto  the 
q- plane  so  that  q,  as  before,  is  double-valued  inside  the  image  of  C and 
single-valued  outside.  Let  os  designate  the  angle  which  the  image  of  the 

fixed  boundary  subtends  with  the  center  of  the  unit  circle  as  2 (5  . The 

% 

negative  and  positive  end-points  of  the  fixed  boundary  correa pondto  e^ 
and  e ' , respectively.  Because  of  the  conditions  of  symmetry,  we  may 
assume  that  the  image  of  the  fixed  boundary  in  the  'C  -plane  occupies  an 
arc  of  the  unit  circle  with  end-points  at  -ie  **  and  -ie^*,  where  t* 
is  another  parameter  which  must  be  determined. 


We  may  place  ourselves  in  a more  convenient  situation  by  mapping  the 
q- plane  by  the  transformation 
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'f 
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This  maps  the  q-plane  into  a Hedge  such  that  the  fixed  boundary  corresponds 
to  the  positive  real  axis  and  the  free  boundary  corresponds  to  the  ray 
oriented  in  the  direction  TT-  ^ . Each  value  of  t whose  argument  is  in 
(0,TT-  is  attained  by  two  values  of  a in  D and  each  value  outside  this 
wedge  is  attained  by  one  value  of  z.  On  the  free  boundary  there  are  two 
symmetrically  located  stagnation  points  which,  of  course,  must  correspond 
to  -1  and  1 in  the  £ -plane . (For  certain  values  of  the  length  of  the 
fixed  segment  these  points  might  lie  on  the  fixed  boundary,  and  the  argument 
which  follows  would  have  to  be  modified;  we. shall  treat  only  the  case  where 
they  are  on  the  free  boundary.  By  making  the  fixed  boundary  very  small  we 
would  have  a configuration  very  nearly  like  the  solution  to  the  problem 
without  a fixed  boundary,  so  it  is  reasonable  to  expect  that  there  would 
be  lengths  of  the  fixed  boundary  in  some  neighborhood  of  zero  where  the 
stagnation  points  would  be  on  the  free  boundary.) 

The  zero  streamline  is  mapped  by  q onto  a curve,  which  extends  to 
infinity,  joins  the  circular  arc  portion  of  the  image  of  C in  the  q-plane, 
and  is  symmetric  in  the  x-axis.  The  portion  of  E which  consists  of  the 
region  located  above  the  zero  streamline,  is  mapped  by  q onto  the 
region  to  the  right  of  the  curve  corresponding  to  the  zero  streamline  and 
the  arc  of  the  unit  circle  corresponding  to  the  arc  of  the  free  boundary 
extending  between  the  stagnation  points.  The  remaining  part  of  D,  D2, 
is  mapped  onto  the  region  at  the  left  of  the  image  of  the  zero  streamline 


and  the  image  of  the  part  of  the  boundary  consisting  of  the  complement 


of  the  arc  joining  the  stagnation  points  (See  Fig.  6). 

On  applying  the  mapping  function  t,  the  stagnation  points  map  into  two 
points  on  the  real  axis.  Let  us  designate  these  points  by  F^  and  P^.  The 
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arc  of  the  free  boundary  which  lies  above  these  stagnation  points  is 
mapped  by  t into  the  real  segment  (F^Pg).  reitt&ink*g  part  of  the 
boundary  consists  of  the  remaining  part  of  the  wedge.  The  zero  streamline 
is  mapped  by  t into  a contour  terminating  at  and  Pg  and  extending  in 
the  lower  half-plane.  Let  us  designate  the  closed  curve  in  the  t- plane 
consisting  of  the  image  of  ''■f*  0 and  the  segment  (P  P ) by  the  symbol  JO . 

X M 

The  domain  D is  mapped  in  a one-to-one  manner  onto  the  foilcaring  two- sheeted 
Riemann  surface:  the  first  sheet,  which  corresponds  to  D , is  the  region 

exterior  to  P ; the  second  sheet,  corresponding  to  D0  is  the  region 
interior  to  the  wedge,  plus  the  segment  (P^jP^)  and  the  interior  of  P . 

The  two  sheets  are  joined  along  the  image  of  the  zero  streamline.  The 
Riemann  surface  is  illustrated  in  Fig.  6. 

Let  us  now  seek  a relation  between  ^ and  t.  Because  of  the  form  of 
Sv  it  becomes  apparent  that  there  must  be  two  points  exterior  to  the  unit 
circle  in  the  ^ -plane  which  correspond  to  the  origin  and  infinity  in  the 
t- plane.  In  view  of  the  symmetry  we  may  take  the  liberty  of  designating 
these  points  by  a and  -a.  We  note  that  a general  analytic  function  which 
maps  the  unit  circle  onto  a slit  along  the  real  axis  is  infinite  at  a and 


J 


In  view  of  the  uniqueness  of  solutions  of  the  nirichlet  problem,  we  mast 
have 

arg  t - arg  f(  In  log 

i — e 

since  this  function  has  the  required  argument  boundary  values  and  singularities. 
By  forming  the  conjugate  of  our  harmonic  function  arg  t,  and  then  adding  it 
to  i arg  t,  we  obtain, 

(6.8)  log  t - log  f(*^,a)  + k log  e_i*  j 

iTp  “ e 

t must  be  the  exponential  of  the  function,  k is  the  quantity  1-  ^ as 
in  Section  5*  On  solving  for  q,  rc  obtain 


(6.9) 


-if 


-ikrf, 


>.  „ i«\k  i fit  -i«vk 


“ ' * ' r( 

We  have  a relation  between  t}  and  q which  involves  the  parameters  (X,  /5, 
-.nd  a.  We  may  reduce  our  results  so  that  one  less  parameter  is  involved 
by  utilizing  the  fact  that  the  term  in  l/i}  must  be  absent  when  ^ 18 
expanded  in  powers  of  l/^  . In  the  problem  which  we  solved  at  the 
beginning  of  this  section  we  determined  a parameter  from  the  fact  that 
convexity  on  the  boundary  implied  that  cannot  vanish  on  the  stagnation 
points . A generalization  of  this  principle  will  lead  to  another  relation 
among  the  parameters . 

There  are  many  ways  in  which  these  free  boundary  problems  can  be 


generalized.  In  addition  to  varying  the  constraints  and  the  form. of  the 
fixed  boundary,  there  are  many  unsolved  free  boundary  problems  in  multiply- 
connected  domains.  It  is  generally  expected  that  this  mathematical  theory 


which  has  been  motivated  by  hydrodynamics.!  problems  will  be  greatly  expanded, 
and  it  is  also  hoped  that  the  worker  in  applied  hydrodynamics  will  also  find 
the  techniques  in  conformal  mapping  a useful  tool  in  some  of  the  problems 
which  he  mav  encounter. 


(Illustrates  the  possibility  that  the  extremal  curve  might  degenerate  into 
a segment  oriented  along  the  real  axis  and  containing  the  fixed  boundary.) 


| \ *ig.i » 

(Illustrates  the  possibility  of  having  an  extremal  curve  which  completely 
encloses  the  fixed  boundary.  It  is  shewn  that  if  this  case  occurs,  the 
curve  must  take  the  form  of  a circle.) 


• swrOWS’'*' ' 


r 


Fig.  lc 

(Illustrates  the  possibility  that  the  extremal  curve  C contains  only  a 
part  of  the  fixed  boundary.) 


C 


Fig.  Id 

( Illustrates  the  remaining  possibility  that  C contains  the  entire  fixed 
boundary.  It  is  shown  that  this  is  the  only  possible  case.) 
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Fig.  3a 

(The  image  of  the  extremal  carve  in  the  q- plans.  The  free  boundary 
corresponds  to  the  linear  segment ; corresponds  to  1 in  the  2-plane; 

P , corresponds  to  -1  in  the  z- plane.  P corresponds  to  oo  in  the  z- plane. 
The  image  of  the  region  D is  the  cross-hatched  region.) 


r\ 


(Shows  the  image  of  C in  th 


TTTTT 
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